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 If F is any field (not necessarily a subfield of C) with the property that every 
non-constant polynomial over F has a zero in F, then F is said to be algebraically 
closed. 
 
Example 1: Q is not algebraically closed since x2 − 2 ∈ Q[x] and has no zeros in Q. 
R is not algebraically closed since x2 + 1 ∈ R[x] has no zeros in R. 
C is algebraically closed.  This is just a restatement of the Fundamental Theorem of 
Algebra and it is this fact that we shall prove. 
 
 In the previous chapters we worked entirely inside of C.  Most of what we did 
is valid for any field.  The only slight change is that where we have a field F and an 
element α ∉ F we can no longer define F[α] to denote the smallest subfield of C 
which contains F and α.  However wehenever we use the symbol F[α], α will belong 
to some larger field H and F[α] will denote the smallest subfield of h containing F and 
α. 
 There’s another way of extending a field.  If F is any field and p(x) ∈ F[x] is 
prime, the quotient ring F[x]/p(x)F[x] is a field which contains an isomorphic copy of 
f and also a zero of p(x).  We may therefore regard F[x]/p(x)F[x] as an extension of F.  
So there is no such thing as a polynomial with no zeros because we can always 
manufacture an extension which contains such zeros.  But in extending the field we 
are allowing our coefficients to come from this larger field and perhaps one of these 
new polynomials has no zero.  Perhaps we will be forever extending and coming 
across polynomials with no zeros. 
 

r�����*M\IH�*MIPHW�
 If G is any group of automorphisms of a field F, the fixed field of G is defined 
to be the set of all elements of F which are fixed by every automorphism in G, that is: 
{ α ∈ F | αθ = α for all θ ∈ G}. 
 We leave it to the reader to check that it is a subfield of F. 
 
Example 2: The fixed field of G(C/R) is R since G(C/R) = {1, λ} where 1 is the 
identity automorphism and λ is the conjugation automorphism. 
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 Suppose that K is a finite-dimensional extension of F.  Then K is a finite-
dimensional vector space over F.  Every automorphism in G(K/F) is automatically a 
linear transformation from K to K (with K viewed as a vector space over F.) 
 But there are certainly linear transformations from K to K (viewed as a vector 
space over F) which are not field automorphisms.  Let L(K/F) denote the set of all 
linear transformations from K to K (with K viewed as a vector space over K).  It can 
itself be viewed as a vector space over K with “point-wise” addition and scalar 
multiplication.  And as we have noted, G(K/F) is a subset of L(K/F). 
 
Example 3: C is a vector space of dimension 2 over R and {1, i} is a basis.  Every 
linear transformation of this vector space can be represented by a 2 × 2 matrix.  So 
L(C/R) can be identified with the ring of all 2 × 2 real matrices. 
 There are infinitely many of these.  But the only two which are field 
automorphisms are the identity and conjugation.  The matrices of these, relative to the 

basis {1, i} are: 



1 0

0 1  and 



1   0

0 −1  . 

 
Theorem 1: G(K/F) is a linearly independent subset of L(K/F) as a vector space over 
K. 
Proof: Suppose that λ1θ1 + λ2θ2 + ... + λrθr = 0 (where each λi ∈ K and each θi ∈ 
G(K/F)) is a non-trivial linear relationship with the least number of terms, r.  Clearly 

each λi ≠ 0 and the θi’s are distinct and r ≥ 2.  For some α ∈ K, αθ1 ≠ αθr.  Now 
choose any β ∈ K.  Applying λ1θ1 + λ2θ2 + ... + λrθr to αβ and β respectively we 
obtain: 
λ1αθ1βθ1  + λ2αθ2βθ2  + ... + λrαθrβθr = 0  ..... (1) 
λ1βθ1  + λ2βθ2  + ... + λrβθr = 0 ........(2) 
Multiplying (2) by αθ1 and subtracting from (1) we get 
λ2(αθ2 − αθ2)βθ2 + ... + λr(αθr − αθr)βθr = 0. 
Since this holds for all β ∈ K we have: 

λ2(αθ2 − αθ2)θ2 + ... + λr(αθr − αθr)θr = 0.  This is non-trivial since λr(αθ1 − αθr) ≠ 0 
and has fewer terms than the shortest such linear relationship which is a contradiction. 
 So G(K/F) is a linearly independent subset of L(K/F) as a vector space over K.  
Can it perhaps be a basis?  For this to happen we would need |L(K/F):K|, the 
dimension of L(K/F) to equal |G(K/F)|, the order of the group.  So what is the 
dimension of L(K/F) over K? 
 
Theorem 2: |L(K/F):K| = |K:F|. 
Proof: Let K be a degree n extension of F.  Now L(K/F) is a vector space over K 
which in turn is a vector space over F and so by Theorem 7 of chapter 1: 
|L(K/F):F| = |L(K/F):K| × n.   But Since L(K/F) can be identified with the n × n 
matrices over F, |L(K/F):F| = n2.  Thus |L(K/F):K| = n. 
Corollary:  |G(K/F)| ≤ |K:F|. 
Proof: G(K/F) is a linearly independent subset of a vector space of dimension |K:F|. 
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Theorem 3: If G is a group of automorphisms of a fielf K and F is the fixed field of G 
then |G| = |K:F|. 
Proof: Let G = {θ1, ... , θm}, where m = |G| and let {α1, ... , αn} be a basis for K over 
F, where n = |K:F|.  By the above corollary we have that m ≤ n.  Suppose m < n. 
 The system of equations: 

( )α θ
i

i

n

i
j x
−

=
∑ =

1

1

0  

is a system of m equations (one for each j) in n variables (the x1, ... , xn). 
Since m < n the system has a non-zero solution.  One of the variables, say x1 can be 
chosen arbitrarily to be any element of K. 
Applying the appropriate θj to these equations we get: 

( )α θ
i i

i

n

x j

=
∑ =

1

0  for j = 1, ... , m. 

Summing over j and interchanging the order of summation we get: 

xi
j

m

i
i

n

jθ α
==

∑∑








 =

11

0  

Now the αi are linearly independent over F so if we knew that each of these 
coefficients was in F we could conclude that they were all zero.  But are they? 

For all ϕ ∈ G, x x xi
j

m

i
j

m

i
j

m

j j jθ

ϕ

θ ϕ θ

= = =
∑ ∑ ∑









 = =

1 1 1

since as θj runs over all the elements of 

G, so does θjϕ.  Hence each xi j
j

m

θ
=

∑
1

∈ F, the fixed field of G. Thus they are all zero. 

 Since x1 could be chosen arbitrarily to be any element of K it follows that: 

x j

j

m
θ

=
∑ =

1

0  for all x ∈ K. 

Thus x jθ∑ = 0 for all x ∈ K and so θ j∑ = 0. 

Thus G is a linearly dependent subset of the linearly independent set G(K/F). 
(Note that we are using the same field of scalars, F, in these contradictory statements.) 
Hence m = n. 
Corollary:  If G is a group of automorphisms of a field F and F is the fixed field of G 
then G is a basis for L(K/F) over K. 
 
Example 4: G = {1, λ}, where 1 is the identity automorphism and λ is the 
conjugation automorphism, is a group of automorphisms of C.  The fixed field of G is 
R so G is a basis for L(C/R) over C.  This means we should be able to express every 
element of L(C/R) uniquely in the form u1 + vλ for some u, v ∈ C.  Now a typical 
linear transformation f: C → C (as a vector space over R) has the form: 
x + iy → (ax + by) + i(cx + dy). 

Now (ax + by) + i(cx + dy) = 









a + d

2  + 



c − b

2 i (x + iy) + 









a − d

2  + 



b + c

2 i (x − iy) 

so the linear transformation can be expressed as: 











a + d

2  + 



c − b

2 i  1 + 









a − d

2  + 



b + c

2 i  λ . 
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Theorem 4: If p(x) ∈ F[x] is prime over the field F of characteristic zero, then it has 
no repeated zeros. 
Proof: Suppose p(x) has a repeated zero, α.  Then p(x) = (x − α)2 q(x) for some q(x) 
∈ F[x] and so α is a zero of p′(x).  Now if p(x) = anx

n + ... + a0 where an ≠ 0 and n ≥ 1 
then p′(x) = nanx

n−1 + ... and since F has characteristic zero, nan ≠ 0.  Thus p′(x) ≠ 0 
and deg p′(x) = n − 1.  Thus p(x) and p′(x) are not coprime.  Hence p(x) cannot be 
prime.  Or in other words, if it is prime it cannot have a repeated zero. 
 
Theorem 5: If K is a polynomial extension of F where F has characteristic zero then 
the fixed field of G(K/F) is F. 
Proof: Let K = F[f(x) = 0] and let L be the fixed field of G(K/F).  Clearly F ≤ L.  
Conceivably there could be elements outside of F which are fixed whenever the 
elements of F are. 
 Suppose F < L and choose α ∈ L such that α ∉ F. Let p(x) be the minimum 
polynomial of α over F.  By the remainder theorem applied to F[α], p(x) = (x − 
α)q(x) for some q(x) ∈ F[α][x].  Let H be an extension of L[α] which contains a zero, 
say β, of q(x).  By Theorem 4 α ≠ β.  Now p(β) = 0 and since p(x) is prime over F, it 
is the minimum polynomial, over F, of β as well as α.  Hence there is an isomorphism 
from F[α] to F[β] which fixes the elements of F and takes α to β.  This may be 
extended to an isomorphism from F[α][f(x) = 0] to F[β][f(x) = 0], ie an isomorphism 
from K to K[β].  This isomorphism fixes the elements of F and so is a non-singular 
linear transformation from K to K[β], regarding both as vector spaces over F. 
 They therefore have the same dimension over F.  But K is a subspace of K[β] 
and so K = K[β], that is β ∈ K.  So θ is an automorphism of K which fixes the 
elements of F and takes α to β.  This contradicts the fact that α ∈ L, the fixed field of 
G(K/F).  Hence F = L. 
 

r����� *MRMXI�HMQIRWMSREP� )\XIRWMSRW� SJ� XLI� 6IEP� ERH�
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Theorem 6: There is no proper extension of R of odd dimension over R. 
Proof: Let R < K such that |K:R| is odd.  Let α ∈ K such that α ∉ R.  Then R[α] ≤ K 
and |K:R| = |K:R[α]| . |R[α]:R| from which we see that |R[α]:R| is odd.  But |R[α]:R| 
is equal to the degree of p(x), the minimum polynomial of α over R.  Since p(x) has 
odd degree it has at least one real zero, β.  But then p(x) = (x − β)q(x) for some q(x) ∈ 
R[x], contradicting the fact that p(x) is prime over R. 
 
Theorem 7: There is no extension of C of degree 2. 
Proof: Let C < K be such that |K:C| = 2.  Let α ∈ K such that α ∉ C.  Then C[α] = K 
and the minimum polynomial of α over C has degree 2.  But the zeros of a 
polynomial over C of degree 2 are themselves in C by the quadratic equation formula, 
so α ∈ C, a contradiction. 
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Theorem 8: If f(x) ∈ C[x] then f(α) = 0 for some α ∈ C. 
Proof: Let f(x) ∈ C[x] and let g(x) = f(x)fλ(x) where λ is the conjugation 
automorphism.  Then g(x) ∈ R[x]. 
 Let K = C[g(x) = 0] and let G = G(K/R).  Let |G| = 2rm where m is odd.  So 
the order of a Sylow 2-subgroup, T, of G is 2r.  Let F be the fixed field of T.  By 
Theorem 3 |K:F| = 2r.  By Theorem 5 the fixed field of G is R and so by Theorem 3 
|K:R| = |G| = 2rm.  Hence |F:R| = m.  By Theorem 6, m = 1 and so |K:R| = |G| = 2r. 
 Since C ≤ K, r ≥ 1 and |K:C| = 2r−1.  If r = 1, K = C and so the zeros of g(x), 
and hence those of f(x), are already in C.  Suppose r ≥ 2.  By Theorem 5 the fixed 
field of G(K/C) is C and so by Theorem 3 |G(K/C)| = |K:C| = 2r−1.  Now G(K/C) has 
a subgroup M of order 2r−2 and if H is the fixed field of M, |K:H| = |M| = 2r−2.  Thus 
|H:C| = 2 which contradicts Theorem 7. 
 
NOTE:  Despite it’s name, the Fundamental Theorem of Algebra is actually a theorem 
of Analysis because it hinges on the continuity properties of the real and complex 
numbers as well as on the algebraic properties.  But in this proof the analysis is well 
hidden.  Can you find it? 
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