4. EXAMPLES OF GALOIS
GROUPS

§4.1. Overview of Galois Theory

All fields are assumed to be be subfieldsCof{though much Galois Theory
extends to fields in general). If F is a subfield of K we call kexensionof F and
we can regard it as a vector space over F whose dimension, calidegtee of the
extension is written|K:F|.

The Galois group of the extensionG(K/F), is the group of all field
automorphisms (1-1 maps from the field to itself which preserve sums and products)
which fix the elements of F, with multiplication of maps as the operation. fiXdu
field of a subgroup of G(K/F) is the set of all elements of K which are fixed by every
automorphism in the subgroup.

If oy, ...a, O C, F[ay, ... an] denotes the smallest subfield which contains F
and thea;. If ay, ... ay,, are the zeros of f(X) F[x] this field is written a$-[f(x) = O]
and such an extension is calledaynomial extension

The minimum polynomial of a O C over F is the monic polynomial p(X)

F[x] of smallest degree for whichg)= 0. It is a prime polynomial and its degree, n,

is the dimension of B{] over F. In fact 1¢t, a?, ... ,a" " is a basis. Numbers with the
same minimum polynomial over F are said to dgebraic conjugates over F.
Under an automorphism in G(K/F) every element of K must be mapped to one of its
algebraic conjugates.

The Galois group of an extension of a field by a polynomial of degree n is
isomorphic to a subgroup of.SThe degree of the extension itself equals the order of
the Galois group over F and there is a 1-1 order-reversing correspondance between the
subfields and the subgroups with the index of a subgroup being the degree, over F, of
its fixed field and with normal subgroups corresponding to polynomial extensions.

If A <B< C are fields, |C:A| / |C:B| = |B:A|. If X, Y are bases for C over B
and B over A then a basis for C over ABy{{B 0 X,y Y}. If Band C are
polynomial extensions of A, then G(C/A) / G(C/BJG(B/A).

A radical extensionis one of the form F[k= a], for alJ F. Radical extensions
have abelian Galois groups and so a field which can be reached from F by a sequence
of radical extensions has a soluble Galois group over F. A polynomial is soluble by
radicals over F if and only if its Galois group is soluble.

The Galois group of a polynomial extension can be computed readily if the
zeros of the polynomial are known and can sometimes be obtained indirectly when
they are not.
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§4.2. f(x)=x"-x*>-2
(1) Factors: = x> -2 = (¢ - 2)(¢ + 1).
(2) Zeros=*V2, #i
(3) Splitting field = F =Q[v2, V2, i, —i] = Q[V2, i] = Q[i][ V2].
(4) IFQI =4 [=|FQ[V2]| x Q[V2]:Q| = 2x 2]
(5) The Galois group has order 4.
(6) Possible automorphisms: i+i andv2 - +V2, giving four combinations.
(7) All 4 combinations arise. [since |F:Q| = 4]
(8) These automorphisms can be summarised in the table:
V2 - V2 -2 V2 -2
[ [ [ =i =i
order 1 2 2 2
(9) The first column is the identity automorphism.
(10) Let A, B be the 2nd and 3rd automorphisms. Then AB is the 4th.
(11) AB = BA [Under ABV2- —V2-, —V2 and ibi— —i. Under BA,V2- V2,
-V2and b =i - —i.]
(12) The completed table is:
1 A B AB
V2 S V2 -2 V2 -2
[ [ [ =i =i
order 1 2 2 2
The Galois group is thus isomorphic B | A* = B> = AB = BALII V..

1 A B AB
V2 5| V2 —V/2 V2 —V/2

order 1 2 2 2
(13) The subgroups of this group, together with their fixed fields are:
SUBFIELD degree ove® @ SUBGROUP  order

K 4 1 1
Qli] 2 [AO 2
Q[v2] 2 BO 2
Qliv2] 2 BO 2
Q 1 G 4

(14) Because we have listed every subgroup we can be condfident that we have listed
every subfield.

(15) Notice that the degree of each extension is the index of the corresponding
subfield.

(16) In this group every subgroup is normal, so every subfield must be a polynomial
extension. Indeed they are since KQi* - x* - 2 = 0],QJi] = Q[x? + 1 = 0],Q[V2]

= Q[x*-2=0],Q[iv2] =Q[x* + 2 =0].
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§4.3. fix)=x*-2

(1) Zeros: 23 23w, 237,

(2) Splitting field = F =Q[2*3, 243, 23] = Q[2%3, uj.
(3) The minimum polynomial of'2 is ¢ - 2. ThusQ[2Y3:Q| = 3.

(4) The minimum polynomial fow overQ is ¥ + x + 1 and oveR[2*] it is the
same.

(5) IFQI =6 [=|FQ[2"| x Q[2":Q| = 2x 3]

(6) The Galois group has order 6.

(7) Possible automorphisms: %2, 213, 23w, 2" andw- w or «?, giving six
combinations.

(8) All 6 combinations arise. [since (§f:= 6]

(9) The automorphisms can be summarised in the table:

21/3 N 21/3 21/300 21/3(02 21/3 21/300 21/3002

w- | w W W o | o | o
orders 1 3 3 2 2 2
(10) Let A = the automorphism which fixesand maps 2* to 2%w.
(11) Let B = the automorphism which fixe¥*zand mapso to .
(12) We can now express each of the six automorphisms in terms of A, B:
1 A A2 B AB AB
21/3 . 21/3 21/300 21/3(,02 21/3 21/300 21/30)2
w- | W W o | o | o
orders 1 3 3 2 2 2
(13) BA = A'B [Under BA 2. 2Y3_ 2% andw-w’—o’. This coincides wit
A’B = AT'B.
(14) The Galois group has the presentafibnB | A%, B, BA = A™Bfrom which we
see that it is isomorphic togD
(15) The cyclic subgroup generated by A is a normal subgroup of order 3, that is, of
index 2. It's fixed field is thus an extension @fof degree 2. Clearly it IQ[w].
Because the subgroup is normal the fixed field should be a polynomial extension.
Indeed it is. ItiLQ[x?+ x + 1 =0].
(16) B fixes 2% so the fixed field ofBOis Q[2*7.
AB fixes 2%w so the fixed field ofAB Cis Q[2Y3.
A?B fixes 2”%u# so the fixed field ofA’BLis Q[2%7].
(17) Since we found all the subgroups we can be sure that their fixed fields give us all
the possible subfields of K. The Galois correspondance can be illustrated as follows:

% |

SUBFIELDS OF Q[x® = 2] SUBGROUPS OF G(Qix 2)/Q)
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SUBFIELD poly extn degree ove@@ SUBGROUP normal order

QIx*=2] v 6 1 vV 1
Q2" 3 B0 2
Q23w 3 [ABL 2
Q213w 3 [AZB[ 2
Q[x*+ x +1=0] v 2 AD Vv 3
Q v 1 G v 6

§4.4. fix)=x*-2

K = Q[x* = 2] =Q[+2", 2] = Q[2"", ] = Q[2[i]

The minimum polynomial of % is ¥* - 2. Thus@[2"4:Q| = 4 and {1, ¥ v2, /4}
is a basis fof[2'] as a vector space ovex

The minimum polynomial for i ove® is X + 1 and oveQ[2Y it is still x> + 1. So
IQI2Y[i]: Q[24| = 2 with {1, i} as a basis..

Thus |[KQ| = 8 and so G(K?) has order 8. A suitable basis for K o@ers:

1 21/4 \/2 23/4

i 2% 1 vai | 2%

Every automorphism in G(K) must map i ta+i and 2** to one of+2'*,
+2'4. There are 8 automorphisms, described by their effect on these generators:

i - [ [ [ [ =i =i i i
olld | [T [ JUA T oUA [ Hla | oUA | Q& [ oI | o4

As before we can name the automorphisms and list their orders. This Galois group is
isomorphic to [.

1 A A2 A B AB AB AB
i | i i i —-i | i i i
olia [T QA T oUA [ ola [ QIA [ oli& | _S1a [ o174
order 1 4 2 4 2 2 2 2

The cyclic subgroup generated by A is a normal subgroup of order 4, that is, of
index 2. It's fixed field is thus an extension @fof degree 2. Clearly it iQ[i].
Because the subgroup is normal the fixed field is a polynomial extension. Indeed it is.
Itis Q[x*+ 1= 0.

The cyclic subgroup generated b§ié another normal subgroup. Since it has
index 4 the fixed field must have degree 4 ofer It must therefor fix something
other than i. Of course, it fixe2. For g2 = (2¥4*%)? = (<242 = v2. So the
fixed field must beQ[i, vV2]. This also must be a polynomial extension.

It is Q[(x? + 1)(¢ -2) = 0], thatQ[x”* - x* = 2 = 0.

Then there are the subgroups, BOand[A?, ABL) both of order 4 (index 2).
Their fixed fields will have degree 2 ovex The fixed field forfA?, BCis Q[v2] and
for [A?, ABLit is Q[V2i].
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While these are the only normal subgroups of the Galois group, apart from the
whole group and the trivial subgroup, there are 4 other subgroups of order 2 (index 4).
Their fixed fields will all be extensions of degree 4. What are they?

B fixes 2% so the fixed field ofBLis Q[24].
A?B fixes 2%i so the fixed field of ABis Q[24.

But what does AB fix? A typical element @fx* = 2] can be expressed as a
linear combination, ove®, of the basis elements 1¥92v2, 224 i, 24, v2i, 2*4.
Let x = a + b&* + ov2 + dZ* + ei + 12/4 + gv2i + hZ4. Then
x* = a + b3 - cv2 - dP + ei- 21 - gv2i + h2** and so
x"® = a- b2" - cov2 + dZ - ei - 214 + gv2i + P If x*® = x then, equating
coefficients of our basis elements, we get:
b=-f c=e=0,d=h,and so x =a+#B@ - i) + dZ41 + i) + g/2i. So the fixed
field is spanned, as a vector space ®@eby 1, 241 - i), v2i and %1 +i). As a
field it can be generated loy= 2"4(1 - i) sincea? = —2v2i anda® = —2(24(1 + i)).
So the fixed field of the subgroupBUis Q[2Y4(1 - i)]. Similarly the fixed field of
[A®BLis Q241 + i)].

Since we considered all the subgroups of the Galois group we can be sure that
we have all the subfields. The Galois correspondance can be illustrated as follows:

o
SUBFIELDS OF Q[x* = 2] SUBGROUPS OF G(Qfx 2J/Q)
SUBFIELD poly extn degree oveQ SUBGROUP normal order
Q[x*=2] Vv 8 1 Vv 1
QY41 - )] 4 [AB[ 2
QY41 +i)] 4 A°BO 2
Q[2Y4] 4 [A%B0 2
Q21 4 B0 2
Q[x*+1=0] v 2 A0 v 4
Q[x* = 2] Vv 2 [A?%, BO Vv 4
Q[x?+2=0] Vv 2 [A% ABO Vv 4
QIx*-x?-2=0] Vv 4 [A%0 Vv 2
Q v 1 G v 8
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§4.5. f(x)=x°-2

Q[x° - 2 = 0] =Q[2*®, €] wheree = €™, The minimum polynomial of overQ is
x* + 3+ + x + 1 and the minimum polynomial of'2overQ[e] is x° — 2. So the
Galois group has order 20 and has the presentation presentation:
A, B| A B, BA=A"'BO
The further details are left to the reader.

8§4.6. flx) =x*-6x2+3
This is a quadratic in®with zeros:r\/Bi\/é . The splitting field i[a, B]

wherea =4/3 +4/6 andB =1/3-4/6 . Since & - 6x% + 3 is prime by Eisenstein’s
TheoremQ[a]:Q| = 4 andQ[B]:Q| = 4.

This might suggest that |®| = 16. But that would require the Galois group,
necessarily a subgroup of, S0 have order 16 and this doesn't divide 24. The
explanation is that while the minimum polynomial @fover Q has degree 4, its
minimum polynomial oveQ[a] is a quadratic. Fomp =+/9 - 6 =V3., sop = V3/a
and so3? - 3/a* = 0.

That would mean tha®[a, B]:Q[a]| = 2 and henc&[a, B]:Q| = 8 provided
that ¥ — 3/a? is the minimum polynomial o overQ[a]. Butis it? Could it be that
B already belongs tQ[a]?

Let's suppose thdi [ Q[a] and see if this leads to a contradiction. If so, then
ap =v3 O Q[a]. Buta? O Q[a] and hence/6 andv2 belong toQ[a]. Clearly this
would mean thaQ[a] = Q[vV2, V3]. (It is fairly straightforward to show thaB O
Q[V2] and hence that ¥2,V3,V6 is a basis fo@Q[a] overQ.

Thus\/3 +1/6 = a + /2 + ¢/3 + o6 for some a, b, ¢, d Q. Squaring:
3+V6 =4 + 2If + 3¢ + 6 + 2ab/2 + 2ad/3 + 2ad/6 + 2ba/6 + 2bd/12 + 2cd/18
=& + 2l + 3¢ + 6df + (2ab + 6¢cd)2 + (2ac + 4bd)3 + (2ad + 2ba)6.

We can equate corresponding coefficients sinc€2],/3, V6 are linearly
independent ove® and so:

& +21f + 3¢ + 6d = 3;

ab+cd=0;
ac+bd=0;
ad + bc=1.

We have to show that this system of non-linear equations has no rational zeros.
Adding the middle two we get (a + d)(b + ¢) = 0.
Casel:a+d=0:
78 + 20 + 3¢ = 3;
a(b-c)=0;
-d&+bc=1

Case IA: a = 0:Here we have Zb+ 3¢ =3 and bc = 1 and so2b 3% + 3= 0. By
Eisenstein’s Theorem 2x 3x* + 3 is prime oveR) and so has no rational zeros. So
this case leads to a contradiction.

Case IB:a#0: Thenb=candso7a 5t =3 and A+ ¥ =1. Thus 2a=-2, a
contradiction.
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Casell:b+c=0:
&+ 50+ 6d =3;
b(a-d)=0;
ad-b*=1.

Case IlA: b = 0: Then 4 + 6f = 3 and ad = 1 and sd a 3€ + 6 = 0. But, by
Eisenstein’s Theorem'x 3x% + 6 is prime ovef and so has no rational zeros.

Case IIB: b# 0: Then a = d and so 7a 5t/ = 3 and 4- b* = 1. From this we
conclude that 1%a= 8 which is not possible if a is rational.

So, in fact, O Q[a] and henceQ[a, B]:Q| = 8 (consistent with the Galois
group being a subgroup of)S The only subgroup of,Swith order 8 is [ so the
Galois group here must be.DBut if we wish to examine the connection between the
subgroups and fixed fields we need to list the automorphisms. Nowavbda map
to any one of the four possibilitiest, +B, oncea® has been chosen we must nfiai
+/3/a®. Thus ifa maps tata, B must map tap and ifa maps tap, B must map to
+a. The eight automorphisms are given by the following table:

1 B AB A? AB A A® AB
a-| a o —-Q -Q B B —-B —-B
B-|_B —B B —B a | -a a —a

order 1 2 2 2 2 4 4 2

We can use the relationship8 = v3 anda® = 3 +V6 to produce additional
rows to the table:

1 B AB A> AB A A* AB
V3| V3 | -V3 | -V/3 | V3 V3 | =V3 | —V3 V3
V6 - | V6 | V6 | V6 V6 | V6| V6| —V6 | —-V6
V2o | V2 | V2| 2| V2 | V2| V2 V2 -2

The Galois group is thug\, B | A*=B?= 1, BA = A'Bl The subgroups and
the corresponding fixed fields are given by the following table.

SUBFIELD poly extn degree ove@Q SUBGROUP normal order
Q[x* - 6 + 3] Vv 8 1 Vv 1
Qla - B] 4 [AB[ 2
Qla +B] 4 [A°BO 2
Q[P 4 [A’B0 2
Qla] 4 B0 2
Q[v2] Vv 2 AL Vv 4
Q[V6] Vv 2 (A% BO Vv 4
Q[V3] Vv 2 [A% ABO Vv 4
Q[V2, V3] Vv 4 [A%0 Vv 2
Q Vv 1 G v 8
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§4.7. fix)=x°-18x*+ 6

(1) Zerosa, aw, aw?, B, Bw, Bu? wherea = 39+ 5/3 andp = 3/9-5/3.
(2) Splitting field = F = Qfi, B, w).

(3)v3=a*-90F. Alsop®-9=-v3.

(4)op =36

(5) F =Q[a, ¥6, .

(6) Rla, ¥6, ¢ : Q[a,¥/6]| =2

(7) R[a]:Q| = 6 (By Eisenstein®- 18X + 6 is prime ovef).

GUESS: Min poly of 36 overQla] is x° - 6 so |FQ| has degree 18 oveé.

SUPPOSE:¥/6 O Q[a]. (Expect a contradiction.)

(8) Qla] = Q[v3, 6]

(9) [FQI =

(10) There are 12 automorphisms in the Galois group, mariﬁngo 36, Y6wor
3/6 &, V3 to+V3 andwto ¥, in all 12 combinations.

(11) Letd map?¥/6 to 3/6 wwhile fixing V3 andaw.

(12) 6 has order 3 and ¢8(]has order 3 and index 4.

(13) The fixed field of®00must beQ[V3, w.

(14) Undem®, a - aw or B for some r.

(15)a — Pu is impossible. [For thea — B, a® - p2and so/3 - —V3 CI]

(16)a - a is impossible. [For thea O Q[V3,w] n R =Q[V3] C!]

(17) a - awis impossible [For thef - B and sq3 O Q[V3] C!]

(18)a - aw’.

(19)a%B - o?B [0’ =a3/6].

(20)0®B O Q[V3] soa®p = a + b/3 for some a, {1 Q.

(21) 54 + 393 = & + 36V/3 + 3&bV3 + 9als. [Cubing both sides.]

(22) & + 9alf = 54.

(23) &b + I’ = 10.

(24) There’s an automorphispnof Q[a] = Q[V3, ¥/6] that maps/3 to-v3, and fixes
/6. (25)p swapsa andp.

(26) ap? =B3/6 = a- bV3.

(27) 6 =a*p® = & - 37, [Multiply (20) and (26).]

(28) 2B + 3b = 5. [Subtract (2R b from (23) and divide by 2.]

(299b=1,a=3.

(30) (3 +v3)®=6(9 + 5/3). S0¥6.3/9+5/3 =3 +V3.

(31) So in fac/6 0 Q[a].

(32) F Q[x/_ V3, w)] has degree 12 ov€). The 12 automorphisms are given by:

A Az AP A A® B AB AB AB AB AB
61/3 61/3 61/3 61/3032 61/3 61/3 61/3032 61/3 61/3 61/3002 61/3 61/3 61/3002
v3 - | V3 V3 v3 | -V3| V3 | -v3 | v3 | V3 V3 -3 | -V3 | -V3
w - w w w w w w of | oF of of of of
The Galois group igA, B | A°=B? =1, BA = A'B0IDya
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§48. fIx)=x°-6x*+6

(1) The zeros are, aw, ay’, B, P, Buf wherea = 3/3+ /3, B = 3/3- +/3 and
op =%/6.

(2[3; Splitting field = F =Q[a, B, w).

(3) Note:v3=a®-30F, B -3=-v3,ap = ¥/6

(4) F =Q[a, ¥6, .

(5) Rla, ¥6, o : Q[a,¥/6]| = 2. and|Q[a]:Q| = 6.

SUPPOSE:3/6 O Q[al.

(6) a®B = a + b/3 for some a, b Q.

(7) 18 + 6/3 = (a + W3)* = & + 33 + 3&bv3 + 9ab.

(8) & + 9alf = 18.

(9) &b+ =2.

(10) ap? = a- bv3.

(11) 6 =a’p* = & - 3K

(12) 28+ 3b-1 = 0.

(13) 2¢ + 3x - 1 has no zeros s so it is has no rational zeros. C!

(14) F =QJa, ¥6, w] has degree 36 ové&).
generated by:

Its Galois group has order 36 and is

a- /6 &) B

A Bw /6 W aw’
B a 6 W &) Bw
C a /6 o B

Ala-Bw 36 - Y6, W-w

B:o-a, %6 36w w-w

C:oa-0a, 3¥6-36, wof
andisfA, B, C|A, B, C,D| A B C, D? AB=BA,AC=CA*, AD=DA}, BC =
CBA, BD = DB, CD = DC.

§4.9.f(x) =x" -1

(1) Zeros: 18, 67, ... 8" whered = &™°

(2) Splitting field:Q[6]

(3) Under an automorphisr@ can only map tod" where r is coprime with 15.
Moreover all such possibilities arise. So the Galois group hasditey = 8.

(4) The automorphisms are:

1 A A |AB |A° |AB |AB |B
e e 92 94 97 98 ell 913 914
order| 1 4 2 4 4 2 4 2

(5) The Galois group g, B | A*=B*=1, BA = ABJ

67



§4.10. f(x) = x® - 5x°-7x3 + 35

(1) = (¢-5)(-7)

(2) Zeros: B3 Gli3) U3 7Us 7lisg 7USg2 7lsg3 7li5gt 71/5g5 71/5g8
wherew = €™ andg = €™°.

(3) Q[w, 6] = Q[o] whereo = €™*°.

(4) Splitting Field:Q[5* 7+, o]

(5) Let r be the degree of’5overQ[7¥®]. Then a product of r zeros of x 5 is in
Q[7*7] and so 8 0 Q[7*%] andQ[5"*] < Q[7*).

(6) If r < 3 thenQ[5"°] has degree 3 ové€d, but 3 does not divide 5. Thus r = 3.

(7) HenceQ[5Y3, 7] has degree 15 ové).

(8) The degree aof overQ[5*°, 79 is the same as its degree o@mwhich is$(15)
= 8.

(9) The degree of the splitting field ov@ris 15x% 8 = 120.

(10) The Galois Group is generated by:

A B C D
513 [51R55 [ 5173 513 [ 5113

71/5 71/5 71/50_3 71/5 71/5

o o o o> |ot

(11) The Galois Group i&\, B, C, D | A =B°=C'=D?=1, BA = AB, CA = A'C,
DA=A"'D, CB=FC, DB =B'D, DC = CIJ

§4.11. f(x) = x*° - 30x" + 216

(1) = (x° - 12)(x*° - 18)

(2) Zeros: 19%9" 18"%"forn =0, 1, 2, ... , 14.
(3) Splitting f/ile|g|:Q[121’15, 1815 @]

(4) 23 = 11 so splitting field =Q[12%5, 2% @]

(4) Let r = degree of £2° overQ[2Y¥. Then a product of r zeros of° 12 is in
Q[2'7.

(5) Hence 1%2"° 0 Q[27

(6) Thus 18° = a + b3+ cZ”for some a, b, & Q.

(7) Under the automorphism 6§[2*3, «j that maps 2323w and fixesw, 12™°
must map to 12°" for some t.

(8) Thus 3|t and 12° = 2’(m/n) for some coprime integers m, n.

(9) 12n*° = 2m'®

(10)15|r,sor=15 [comparing factors of 3]

(10) The degree ap[12"*° 2% 6] overQ is 15x 3 x 8 = 360.

(11) The Galois group is generated by:

A B C D
1215 127 | 127 [ 1275 | 127
21/3 21/3 21/365 21/3 21/3
0 0 0 9’ 9t

(12) The Galois group ig\, B, C, D | A°=B*= C'= D’ | BA = AB, CA = A°C, DA
=A"'D,CB=B"C,DB=B"'D, DC = C[]
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§4.12. fix)=x*-3x+1

Here it is much more difficult to find the zeros (even with the cubic formula).
But there is a way of finding the Galois group indirectly in this case due to a curious
property of this polynomial.

. 1 0
Let f(x) = X} - 3x + 1. Ifa is a zero of f(x) then so 'S_lo( for f@— aﬁ_

13 a2y — 1Y — N3 3 -
@_lﬁ_?ﬁ_lﬁ_lz(a 1) 30(3(0( 1)-a _—a +§a 120.
a a a

o
1
The mapa — 1-+ has order 3 and so the three zeros of f(x) have thecfoor o'

and so ifa is any zerdQ[f(x) = 0] = Q[a]. It is not difficult to show that f(x) is prime
overQ and soQ[f(x) = 0]: Q| = 3. Thus the Galois group is cyclic of order 3.

8§4.13. flx) =x°+ x*-4x®-3x? +3x +1

Is there a polynomial whose Galois group o@ers cyclic of order 5? Now
Q[x™ = 1] =Q[e] wheree = ™%, Its minimum polynomial ove® is x'°+x° + ... +
x? + x + 1 and saQ[x*' - 1)/Q| = 10. The Galois Group thus has order 10 and, being
the Galois group of a radical extension, it is abelian. It must therefore be cyclic. In
fact can be generated by the automorphism which maps®. The automorphisms
can be listed as follows:

1 A A2 A AY AS AS A’ A8 A®
e-| e | & | e [ & [ %] & |
order 1 10 5 10 5 2 5 10 5 10

Now Gsis a subgroup of this Galois group, but all that would means is that
G(Q[x*! - 1]/F) is isomorphic to Ewhere F is the fixed field of A (By the way,
what is that?).

But G is also a quotient group of,& We simply have to factor out [

Then G(KQ) O Cs where K is the fixed field of A So, what does Afix? Notice
that A° is the restriction of the conjugation automorphism. SofiXes the real
numbers irQ[x** - 1].

It's not difficult to see these are spannectbye'®, €2 + €°, €3 + €%, ¢* + ¢’ and
e®> + €. These are respectively 2cam(Pl), 2cos(#/11), 2cos(@/11), 2cos(8/11)
and 2cos(1f¥11). These are the zeros of some polynomial of degree 5, but which
one? In fact it has very simple integer coefficients.

If f(x) = x° — ax* + ax® — ax® + ax — & is the monic quintic with the above
real numbers as its zeros, its coefficients can be found=yhe sum of all products
taken r at a time.

The sumis easy, itsae + el +e? +e? +2 +e +et +e’ +2 + 2 = -1
(Remember that 1 &+¢€? + ... +£'°=0.)

The sum of product taken two at a time is:

=€+ +e) + e+ +e¥) + ... + €+ + €.
Now there are 10 such products, yielding 40 products in all. Note that none of these
products is 1 since the inverse of each powerisfin the same term. And since this
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expression is fixed by the automorphism A, it must contain each of the 10 non-trivial
powers ofe the same number of times. So=ad + € + ... +¢'% = - 4.

When it comes to the sum of products three at a time, we have 10 such
products, each with 8 terms, or 80 terms in all. Each ef, ... , €' must occur an
equal number of times so the expression must be of the form:

a =k +8010 K €+ + ... +&"9) :—11k10 80
Now each product' € € has the form 3 b*™ ¢! where a, b, € {g, € € ¢* €% so
for it to equal 1 we must either have the product of two of a, b, ¢ being equal to the
third or the product of all three being 1. Whenever we have ab = c there will be two
corresponding products equal to 1: dhand a'b*c and whenever we have abc = 1
we will have the two corresponding products abc atol ‘& .

So the number k is simply twice the number of instances of solutions to the
equations x +y = z(mod 11) or x + y + z = O(mod 11) with X, y, z being different
elements of the set {1, 2, 3, 4,5}. The solutionsare:1+2=3;1+3=4;1+4=5;2
+3=5;2+4+5.

Hence k = 10 and s@ & 3.
With a, there are 5 products, each with 16 terms, making again 80 products of

£'s.
80-k 11k- 80 . .
Soa=k+—5 E+ e+ ... +&'0) ===1g - Where k is the number of solutions

to the equations:

Xx+y=z+w(mod 11),

Xx+y+z=w(mod 11) and

x+y+z+w=0(mod 11)
where X, Y, z, w are different elements of the set {1, 2, 3, 4, 5}.
These solutions are:

1+4=2+3;
2+4=1+5;
3+4=2+5;
3+4+5=1;

1+2+3+5=0.
Hence k = 10 ands& 3.

Finally for & there is one product with 32 terms. $36=g11k— 32)/10 where
k is the number of solutions to the equationsu+v=x+y+z(mod 1l),v=x+y+z
+u(modll)andx+y+z+u+v=0(mod 1l) where X, Y, z, u, v are the distinct
elements of {1, 2, 3, 4, 5}. The only solutions to any of these equationsis 1+ 3 + 4 +
5=2and so k=2. Hencea-1.

So the polynomial is+ x* — 4x* = 3¢ + 3x + 1. This must therefore have
Cs as its Galois group ove).
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