4. FIRST STEPS IN THE
THEORY

§4.1. A Catalogue of All Groups: The Impossible Dream

The fundamental problem of group theory is to systematically explore the landscape
and to chart what lies out there. We'd like to have a catalogue of all groups, or perhaps just
all finite groups: a catalogue which would provide one specimen of each group so that we'd
be able to say that every group (or every finite group) is isomorphic to exactly one of the
specimens in the catalogue. In particular we'd know exactly how many groups there are of
any given order.

This is an impossible dream, but not ssmply because there are infinitely many finite
groups. After all there are infinitely many finite-dimensional vector spaces over agiven field
yet we can describe them all in a single statement: every finite-dimensiona vector space over
afield F isisomorphic to the space of n-tuples (X1, Xz, ... , Xn) over F for somen. Thisisjust
a corollary of the theorem that every finite-dimensional vector space has a basis. In other
words there’ s exactly one vector space over F (up to isomorphism) for each dimension.

Structure theorems exist in various parts of mathematics. We know al the finite
fields. In topology the compact surfaces are al known. Within group theory itself we have a
number of classification theorems. For example we know al the finite abelian groups, viathe
Fundamental Theorem of Abelian Groups that we provein alater chapter.

The most celebrated example is the classification of all finite “simple’ groups. Don't
worry now what asimple group is. In acertain sense they’re the building blocks for al finite
groups but the term “simple” is deceptive. They're not the most elementary of groups but
their ssimplicity refers to the fact that they can’t be pulled apart, in a certain way, into smaller
groups. They're the atoms of the universe of finite groups.

Now this celebrated theorem is the culmination of virtually a century’s work by many
thousands of group theorists and its proof is scattered over numerous research journalsin the
literature. It has never been assembled in one place because it's estimated that it would
occupy about 20,000 pages and because of this it even made it to the Guinness Book of
Records!

The goal of this chapter is to develop enough of the theory to enable us to prove a
couple of classification theorems. Nothing so ambitious as the one we were just talking
about. Just a couple of nice, gentle theorems. Together they describe, for each prime p, the
groups of order p and of order 2p. There aren’t very many such groups for agiven prime. In
fact there' s only one group of order p and just two of order 2p. So contrary to what you might
expect the number of different groups doesn’'t grow steadily with the group order. The groups
of order 32 have been catalogued and there are over 50 of them. But there’s only one group
of order 31 because 31 is prime and there are just two groups of order 34.
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§4.2. Additive and Multiplicative Notation

Until now we've written the combination of a and b in an abstract group as a = b.
But, unless there's danger of confusion, it's more usual to write the binary operation as if it
was addition or multiplication.

If we're proving theorems about abstract groups in general, where the group could be
non-abelian, we use multiplicative notation. If the groups we're considering are all abelian
we frequently use additive notation. The reason for this distinction is that we're used to
multiplication being non-commutative (for example matrices and permutations), but in all the
systems we've encountered, addition is always commutative. It's very dangerous therefore to
use additive notation in a non-commutative group.

GENERAL MULTIPLICATIVE ADDITIVE
NOTATION NOTATION NOTATION
ab ab a+b
a* ax ..xa 61” na

e 1 0
inverse of a a -a

Unless otherwise stated, we' Il use multiplicative notation.

§4.3. Basic Properties of Groups
Theorem 1: Theidentity element of a group isunique.
Proof: Suppose e, f areidentitiesfor agroup G. Then
e=ef (sincefisanidentity) =f (sinceeisan identity).

Theorem 2: Each element of a group hasonly oneinverse.
Proof: Suppose b, ¢ are both inverses of the element a inagroup G.
Thenb=bl=Db(ac) =(ba) c=1c=c.

Theorem 3: (Cancdllation Law) If ax =ay then x =y.

Proof: Supposeax =ay. Thena * (ax) =a " (ay).

Hence (@'a)x = (a*a)y. Thus1x =1y and sox =.

Notice that all the group axioms (except the Closure Law) are needed to prove this.

Similarly one can prove that xa=y aimpliesthat x =y. Thus cancellation on the | eft,
or on theright, ispossible. A consequence of the cancellation law is that:

For afinite group every element appear s exactly once and only oncein each row and
column of the multiplication table.

Y ou should take careful note of the fact that you can’t cancel on the left-hand end of

one side of the equation and on the right-hand end of the other. So ax = xb needn’t imply that
a=b (unlessthe group is abelian).
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§4.4.Powers

If gisan element of agroup, we define positive integer powersof g inductively asfollows:
0
¢°=1;
n+l _

g =g"gforaln=0.
We define negative powers by g™ = (g™)" for al negative integers —n.

Theorem 4: For all natural numbers m, n and all elements a, b inagroup G:

(ama'=amm

(2) @) =a™,

(3) if G isabelian, (ab)" =a"b";

(4) (b™ab)" = b™a"b.

Proof: Although these seem obvious enough (and indeed they are obviousif m and n are
positive, just by counting factors) the cases where one or both are negative require special
attention.

(1) Thisis obvious if both m, n are positive or zero. Suppose m is positive and n is
negative, say n=-r. If m=r then on the left hand side there will be r cancelling pairs of
aa® leaving m-r=m+n factors. If m<r therewill beonly m such pairsleavingr — m
factorsof a*. Theresult istherefore a(r-m) = g™" = g™,

WEe've thus proved the result for all n where m>0. If m isnegative, say m = s,
then putting b=a" theleft hand side is bb™. By the earlier casethisis b"=d"°=a™".
(2) Againthisisobviousif m, n are both positive. The other cases are |eft as an exercise.

(3) If n ispositive we simply count the number of factors on each side. Because the group is
assumed to be abelian the factors may be rearranged so all the as can be brought to the front.
If niszero, LHS=RHS=1. If n isnegativeweput b=a" and use the positive case.

(4) If n ispositive, (b ab)"=b™(bb™) a(bb™) ... (bb™Dab (n factors) = b laa... ab
=b'db. Ifn=0,LHS=RHS=1. If n is negative we use the positive case on b™cb
where ¢ isdefinedtobe a .

Theorem 5: Inagroup G (ab)™ =b~*a™
Proof: (b*a™)(ab) = b*(a*a) b= 1and similarly (ab)(b*a™) = 1.
Remember that the inverse of a product is the product of theinversesin reverse order.

The cyclic subgroup generated by an element g is the set of all powers of g (including 1 as ¢
and negative powers). It'sdenoted by { g ).

Definition: The order of an element g of agroup is the smallest positive integer n such that
g"=1. Inadditive notation this becomes ng = 0.
The order of g is denoted by | g |. If there's no such positive n, we say that g has infinite
order.

For example the order of i in the group of non-zero complex numbers under
multiplication is 4, and the integer 2 has infinite order. The identity element of any group is
the only element of order 1.
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Theorem 6: Theorder of an element g 0 G isat most OGL.

Proof: Let n = OGL. Theelements1, g, ¢ ... g™, g" can’'t be distinct (there are n+1 of them
in agroup of order n). Hence there must be some repetition: g' = gSfor somer, swith0<r <
s<n. ThusgST=1andsinceO<r<s<n,|g|<n.

Theorem 7: Groups of even order must contain an element of order 2.

Proof: Suppose UGl is even. Now the elements of G which differ from their inverses must
come in pairs {x, x-1}. Since OGO s even, the remaining elements, those for which x = x?,
must also be even in number. But x = x " is equivalent to x* = 1 and so these are the elements
of order 2, together with the identity. Leaving out the identity, there must be an odd number
of elements of order 2 and so the number of elements of order 2 must be at least 1.

Theorem 8: If all of the elementsof G (except 1) have order 2, then G must be abelian.
Proof: Let X,y 0 G. Then (xy)®>=1. But asox%y? =1 and S0 Xyxy = XXyy.

Multiplying by x* on the left and by y™* on the right of each side of the equation we conclude
that yx = xy. Sincethisholdsfor al x, y O G it followsthat G is abelian.

§4.5. Cyclic Groups

A group G iscyclic if it can be generated by a single element, that isif G =< g > for
someg O G.

Example 1:

The set of n-th roots of unity, G ={z 0 C | z" = 1}, is a group under multiplication.
It is a cyclic group because it can be generated by €™". This is because every n-th root of 1
has the form e™" = ("X, In particular the group of 4-th roots of unity is {1, i, -1, —i}
which is generated by i.

Example 2:
The group of symmetries of a parallelogram is {1, R} where R is a 180° rotation about
its centre. This group isthus generated by R.

Example 3:

The group (Z, +) of integers under addition is cyclic because it can be generated by
the integer 1. Remember that we're using additive notation here so instead of saying that
every integer is an integer power of 1 (which is not the case), we should be saying that every
integer is an integer multiple of 1 (whichitis). Note that —1 also generates this group, but +1
are the only generators.

Theorem 9: Cyclic groups are abelian.

Proof: Two typical eementsin the cyclic group (g) are g’ and gS. Now g'g°=g"°=g%J". So
every pair of elements commute and hence the cyclic group is abelian.
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Theorem 10: A finite group of order n iscyclic if and only if it contains an element of
order n.

Proof: If |G| = n and G has an element g of order n then {g), the cyclic subgroup generated
by g has order n (ie. there are n distinct powers of g). Thus there are no other elementsin G.
They'real powers of g and so g isagenerator for G and hence G is cyclic.

Conversely suppose that G is a cyclic group of order n. Then if g is a generator, g
must have order n.

Example 4:
The group given by the following multiplication table is not cyclic since it has no
element of order 4.

oOOw> >
OO0 >»wmw
w>00I0n
>w O 0|0

OO w>»

§4.6. Subgroups
If Gisagroup and H isasubset of G then H isasubgroup if

() xyOH foral x,yOH

(210H

(3)x *OH foral x OH.
A subgroup H isagroup in itsown right. Every group is a subgroup of itself. All other sub-
groups are called proper subgroups. The trivial subgroup, 1 = {1} is a subgroup of any
group.
Notation: H < G means "H is a subgroup of G" and H < G means "H is a proper subgroup of
G" ie. Hisasubgroup but isnot G itself.

Example 5: 2Z (the group of even integers) is a subgroup of Z (under +).

Theorem 11: For all g O G, <g> isasubgroup of G.
Proof: Foralr,s0Z', g g°=g™0(g); 1=¢°O0<g>andfordlr, (g) =g" O{g).

§4.7. Cosets and Lagrange’s Theorem
Let H < G. Define arelation = by defining x =y if x =yhfor someh 0 H.

Theorem 12: =isan equivalencereation.

Proof: Reflexive Let a1 G. Thena=al. SincelJH,a=a

Symmetric Suppose a= b. Then a= bh for someh O H. Henceah™ =b. Sinceh™ OH,b=a
Transitive Supposea=b and b = c. Then a=bh for someh [ H and b = ck for somek [ H.
Thusa= (ck)h =c(kh). Sincekh O H, a=c.

NOTE: Each of the three properties of an equivalence relation comes from one of the three
closure properties of a subgroup.

The equivalence classes under = are called theright cosetsof H in G.

Last modified Feb 2005 73



Notation: gH denotes the right coset containing g.
NOTE: Left cosets are defined similarly.

Example 6: G = R*, H = {1} under the operation of multiplication. The cosets are al of the
form {£x}.

Example 7: G = C*, the group of non-zero complex numbers under multiplication and let H
be the set of al complex numbers with modulus 1. Theright (or left) cosets of H in G are dll
the circles with centre O.

Example 8. Suppose G = Szand H ={I, (12)}. Theleft and right cosetsof H in G are:
HI ={Il, (12)1} ={I, (12)} IH={Il,1(12)} ={I, (12)}

H(13) = {1(13), (12)(13)} ={(13), (123)}  (13YH ={(13)I, (13)(12)} ={(13), (132)}
H(23) = {1(23), (12)(23)} ={(23), (132)}  (23)H ={(23)I, (23)(12)} ={(23), (123)}.
Notice that in this case, left and right cosets are different.

Example 9: G=S; H = {l, (123), (132)}. Here the left and right cosets give the same
decomposition of G. Thesetwo (left/right) cosets are H itself and {(12), (13), (23)}.

Theorem 13:

(1) Thesubgroup H isitself one of the cosetsof H in G.

(2) Two elements a, b belong to the sameright coset (of H in G) if and only if b™a O H.
Proof: (1) H = 1H.

(2) a bbeongtothesameright coset = a=b <a=bhforsomehH =
bta=hforsomehOH < b™ralH.

Equivaence classes can be of different sizes, but for cosets, they must have the same size.

Theorem 14: If H < G, every coset of H in G has |H| elements.
Proof: There's a natural 1-1 correspondence between any coset aH and H itself viz. ah « h.
Hence the number of elementsin each is the same.

Theorem 15: (Lagrange) Theorder of a subgroup (of afinite group) dividesthe order of
the group.

Proof: Suppose there are m cosets of H in G. Since G is the digoint union of them and each
coset has |H| elements, it follows that |G| = m. |H| and so |H| divides |G|.

Thisis avery powerful result. It shows that the number of elementsin a group greatly affects
its structure.

Example 10: If |G| = 14, the only possible orders for a subgroup are 1, 2, 7 and 14.
Theorem 16: Groupsof prime order are cyclic.
Proof: Suppose |G| = p where pisprime.

Sincep =2 we may chooseg J Gsuchthatg# 1. Let H =<g>.
Let [H[=n. NownOpandn>1son=p. Hence G=H and soiscyclic.
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Since the order of an element is the order of the cyclic subgroup it generates, we have:

Theorem 17: Theorder of an element of a finite group dividesthe order of the group.

§4.8. Dihedral Groups

The family of cyclic groups contains those groups with the smplest possible group
structure. A closely related family is the family of dihedral groups.

Definition: The dihedral group of order 2n is the group:
Don=(ABOA"=1,B°=1,BA=A"B).

Dihedral groups occur naturally in many different guises. Dy, is, for example, the
group structure of the symmetry group of a regular n-sided polygon. The symmetry
operations consist of the rotation R through 21vn, and its powers plus the 180° rotations about
the n axes of symmetry. But if Q denotes any one of these, the others can be expressed in the
form R“QR ™,

If, for example, there is a vertical axis of symmetry and Q denotes the 180° degree
rotation about it, any other 180° symmetry operation can be achieved by rotating the axis until
it becomes vertica (Rk), carrying out Q about the vertical axis, and then rotating the axis back
toits original position (R™)

Now R" = 1 (n successive rotations through 21vn);

Q? = 1 (two successive 180° rotations) and
QRQ = R™ (anegative or clockwise rotation can be achieved by rotating about the vertical
axis first, then rotating in the positive direction and finally rotating back in the vertical axis —
try it!) and so RQ = QR™.

So this symmetry group is (R, Q [R" = 1, Q* = 1, RQ = QR™), that is, it is the

dihedral group of order 2n. In particular Dg is the symmetry group of a square.

§4.9. Dihedral Arithmetic

The dihedral group D2, = (A,BOA" = 1, B = 1, BA = A™'B) has three basic relations.
Let’s examine their implications.

A" = 1. This means that any expression involving A's and B's need not have any string of
successive A's longer than n-1, because any block of n successive A's is AN which, because it
isequal to the identity, can be removed.

For example in D4 = (A,BOA* = 1, B = 1, BA = A™'B), an element such as
AABAAAAAAABA can be simplified to AABAAABA = A’BA°BA by removing an A*
from the middle.

B? = 1: Thismeansthat it is never necessary to have two successive B's. For examplein Dg
an expression such as ABBBAAABBAA can be simplified to ABAAAAA by using B = 1,
twice. This can be further reduced to ABA by use of the relation A* = 1.

Anocther consequence of B = 1isB = B™ (just multiply both sides on the left by B™).
This means that there is never any need to have B in any expression.
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BA = A™B: It is this third relation that makes dihedral groups non-abelian (except for the
trivial cases of D4 and D, where A™ = A). Expressing this relation in words, we can say that
every time a B passes across an A it invertsit, that is, convertsit to A™.

Consequently if we have an expression involving a mixture of A's and B's we can
move all the A's up to the front and al the B's down to the back just as we would if the
commutative law was in force. The difference is that the A's get inverted every time a B
crossesover. Thisisthedihedral "twist".

Example 13: The expression ABA’BA?BAB can be written as:
AABBA’BAB = A?BBA’BAB = AA’BAB=BAB=A"'B?2=A"1.

Theorem 21: The elements of D, are:

1, A, A% A% AN

B,AB,A’B,A%B, ..., AN'B B
Proof: Because of the relation BA = A™B we can express every element in the form A'B'.
But because A" = 1 and B? = 1, we may assumethati =0, 1, 2, ..., n-1andj = Oor 1.

Notice that the first row consists of the cyclic subgroup, H, generated by A, and the
second row isthe left coset HB.

Theorem 22: In the dihedral group (A,BOA" = 1, B®= 1, BA = A™'B) the elements of the
form A*B all have order 2.
Proof: (A*B)? = A"BA*B = AXA™*BB =BB = 1.

§4.10. Groups of Order 2p

We now classify groups of order 2p (where p is prime). We show that al such groups
are either cyclic or dihedral. Since the proof is rather lengthy we have broken the argument
up into 39 steps. Also, to make it easier to see which assumptions are in force at any given
time, we've used a similar indenting convention to that advocated when writing computer
programs.

Theorem 23: If OGO=2p for some primep then G iscyclic or dihedral.
Proof:
(1) Suppose that (G =2p wherepisprime
(2) Suppose that p isodd.
(3) By Lagrange's theorem the order of every elementisi, 2, p or 2p.
(4) Suppose G contains an element of order 2p.
(4) Hence Giscyclic.
(5) Since GO is even, G must contain an element, b, of order 2.
(6) Suppose that all the elements of G, except 1, have order 2.
(7) Then Gisabdian.
(8) Choose a, b O G of order 2witha# b.
(9) HenceH ={1, a, b, ab} isasubgroup of G of order 4.
(10) Since 4 does not divide 2p we get a contradiction.
(11) So G must have an element, a, of order p.
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(12) Let H = (a).

(13) Since 2 does not dividep, b [0 H.

(14) Theright cosets of H in G must be H and bH.

(15) Similarly the left cosets are H and Hb.

(16) Since bH and Hb consist of al the elements outside H, they must be equal, ie. Hb = bH.
(17) Now ba [0 bH so ba [0 Hb.

(18) Hence ba= db for someinteger r=0,1,...,p— 1.

(19) Hence b’a = bab

(20) =baa... ab (Wherethere arer factors of a).
(21) =4d4d ... d b* (Wherethere arer factors of d).
(22) =a?(sinceb’=1).

(23) Soa? =3,

(24) Hence p divides r* 1.
(25) Since pisprimeand r? =1 = (r =1)(r + 1), plr—1 or pCr+1.
(26) Thusba=ab or a*b.
(27) Suppose ba = ab.
(28) Now the order of ab must be 1, 2 or p.
(29) Suppose ab = 1.
(30) Thena= b = b, acontradiction.
(31) Suppose ab has order 2.
(32) Then 1 = (ab)® = &b’ = &, a contradiction.
(33) Suppose ab has order p.
(34) Then 1 = (ab)® = &bP = b°, acontradiction.
(35) Sob™ab =a™ and s0 G = (a,ble’ = b?= 1, ba= a'b) = Dy,
(36) Supposethat p = 2.
(37) Then every element of G (except 1) has order 2.
(38) HenceGisabdian.

(39) Hence G =(abla’=b’*=1, ba=ab) =(abla2=b2=1, ba=a’b) = D,

EXERCISES

001
order 8 under matrix multiplication. Doesit satisfy the commutative law?

lab
EXERCISE 1: Show that the set of al matrices over Z, of the form (O 1 CJ is a group of

EXERCISE 2: Find al the elements of order 4 in the above group.

EXERCISE 3: Show that the above group is a dihedral group of order 8, that is find an
element A of order 4 and an element of order 2 such that BA = A™'B.

EXERCISE 4: Find al the elementsof order 4inZ, 0 Z,.

EXERCISE 5: How many elements of the group C’ of non-zero complex numbers under
multiplication have order 7? How many have order 8?
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EXERCISE 6: Thefollowing is apartialy completed group table for agroup. Completeit.

a b C d
a a
b C
c a
d d

Which element isthe identity?

EXERCISE 7: Find al 4 possible group tables for agroup G ={1, a, b, c} of order 4. Show
that three of them are isomorphic (meaning that any one of them can be transformed to any
other by a suitable relabelling) and the fourth is fundamentally different (eg look at the
number of el ements of order 2).

EXERCISE 8: If G isthe group whose tableis given below, show that H ={1, ¢, d} andK =
{1, b} areboth subgroups of G. Find al the left and right cosets of each subgroup.

OO O TQD

O QO O T QO K|k
OT 0O
o DO Y, O T|T
O ,O ® T OO
OO R O al
RO OO QDD

EXERCISE 9:
If G=(ab0Oa =1,b’=1, a = ba) and H is the cyclic subgroup generated by b, find the
right and left cosets of H in G.

EXERCISE 10: In the dihedral group D,, = (a b 0 & = 1, b* = 1, a = ba™), simplify
ab’a“baba’ba’ab’a.

EXERCISE 11: Simplify a“b’a’ 'a’bain the above group D,

EXERCISE 12: Find the order of H given the following clues:
(&) Hisaproper subgroup of agroup of order 68
(b) Hisnon-cyclic

EXERCISE 13: Find the order of H given the following clues.
(a) H isasubgroup of some group of order 100.
(b) H contains no element of order 2.
(c) Hisnot cyclic.

EXERCISE 14: Find the order of H given the following clues:
(a) H isasubgroup of some group G of order 168.
(b) H isasubgroup of another group K of order 112.
(c) Hisnot cyclic or dihedral.
(d) H contains an element of order 7.
() H has more than two left cosetsin K.
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EXERCISE 15: If Gisagroup, the centre (zentrumin German) of G is defined to be Z(G) =
{gGL gx = xg for al x(OG}. In other words, it is the set of al elements that commute with
everything.

(& Provethat Z(G) isasubgroup of G.

(b) Find Z(Doy,). [HINT: You will need to consider odd and even values of n separately.]

EXERCISE 16: Let G = {x O R # —1} denote the set of real numbers excluding -1, and
let the binary operation * be definedon Gby a* b=a+b+ab

(i) Provethat (G,*) isagroup.

(it) What isthe inverse of 2?

(iii) How many elements does G have of order 2?

EXERCISE 17: Find the numbers of elements of each order in the following two groups
whose group tables are given:

1 a b c
11 a b c
ala 1 c¢c b
b|b ¢ 1 a
c|lc b a 1
(b)

1 a b c
111 a b c¢
ala b ¢ 1
blb ¢c 1 a
clc 1 a b

EXERCISE 18: Find the orders of the elements in the cyclic group of order 6.

EXERCISE 19: Find the orders of the elements of the following three groups:
G =thegroup{0,1,2,3,4,5,6,7} under addition modulo 8;

H=thegroup{1, 3,7, 9, 11, 13, 17, 19} under multiplication modulo 20;

K = the dihedral group of order 8.

Show that no two of these groups are isomorphic.

EXERCISE 20: Which of the above three groups of order 8 is cyclic? Which are abelian?

EXERCISE 21: Find <9>, the cyclic group generated by 9, in the group Z,,*. This consists
of al the integers from 1 to 99 that have no factors in common with 100. The operation is
multiplication modulo 100. Also determine the order of 9 in this group.

EXERCISE 22: Find the order of the following elements in the group Z,,, (consisting of all
the integers from 0 to 99 under addition modulo 100): 2, 9, 6, 15.
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EXERCISE 23:
Find the left and right cosets of { 1, b} in the dihedral group
D,=(ab0a=1,b'=1ab=ba").

EXERCISE 24: G isthe group whose table is given below. Show that H = {1, a, d, f} and K
={1, d} areboth subgroups of G. Find all the left and right cosets of each subgroup.
1 a b c¢c d f

Q +~0D QO T QD -
Q (— (D (|0 |T| |-
OFRPIT|—0K ||
QIO || (T
=D | | T|IQ(FkPrKQ|O
DY KQ|Fk|ITIO |
R|ITa Q|0 |D]|D
T|Qao|joK (| |(—
OO (|| |—IT KK

EXERCISE 25: Find the order of H given the following clues:
(@) Hisaproper subgroup of agroup of order 52.
(b) Hisnon-abelian.

EXERCISE 26: Find the order of H given the following clues:
(a) H isasubgroup of some group G of order 100.

(b) H is asubgroup of another group K of order 40.

(c) Hisnot cyclic or dihedral.

EXERCISE 27: Find the order of H given the following clues:

(a) H isasubgroup of some group G of order 20.

(b) H isnon-abelian.

(c) G contains an element g of order 2 and an element h of order 5.
(d) H contains h but not g.

EXERCISE 28: If G is a group, the derived subgroup of G is defined to be the subgroup
generated by al the elements of the form X~y ™'xy as x, y range over the elements of the
group. Find the derived subgroup of D,.. [HINT: You will need to consider odd and even
values of n separately.]

EXERCISE 29: Complete the following group table and find the orders of the elements.
1 a b c d e

1

a 1 ¢ b d
b d a 1

C d e a b
d C e b a
e b a c 1

EXERCISE 30: Find the numbers of elements of each order in the cyclic group of order 12.
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EXERCISE 31: Find the order of the following elementsin the group Z . (consisting of all
the integers from 1 to 16 under multiplication modulo 17):
2,6,9 16

EXERCISE 32: Find the orders of the elements of the following three groups:
G =thegroup {1, i, +(1 +i)V2, (1 - i)/V2} under multiplication;

H = the group of symmetries of arectangular box;

K =the group of order 8 whose group tableis:

1 -1 i i j 4 k -k
tfa[ali =i [49Tk]«k
-l [=]i [ 510 [«]«k

il | =i -1 1| k| =k]| 4] ]
IR ENEE
il T T Tk [=2a] 2] i [=i
Sl 17 Tk« a]-a]=]i

kKl kK |-k|j||-]1[-1]1
« |kl k[q]ilil=s[21]
Show that no two of these groups are isomorphic.
SOLUTIONS
EXERCISE 1.
lab)/l1d b 1 a+d b+b +ac
There are 2° = 8 matrices of this form, over Zz.[O 1 C} [O 1 C'J = [O 1 c+c ] S0
001/\001 0 O 1

the set is closed under matrix multiplication. The associative law holds, asit always does

lab
with matrix multiplication. Theidentity matrix has thisform. Finaly the inverse of {0 1 C}
001

1 -a ac-b 110)(100 111
is|0 1 —-C which hastherequired form. Finaly|010 [[011 |={011 | while

00 1 001/\001 001
100)(110 110
[0 1 1} [0 10} = (O 1 1} so the group does not satisfy the commutative law.
001/\001 001

EXERCISE 2:
111) (110
{011}{011}.
001) 001

EXERCISE 3:

111 110
TakeA=|011 |andB=|010 |.

001 001
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EXERCISE 4:

The elementsof Z, [ Z, are vectors of the form (x, y) wherex U Z,andy O Z,.. If 4(x,y) =
(0, 0) then4x =0and 4y = 0. Thisplacesno restrictionon x: x =0 or 1 but 4y = 0 meansy =
0,2, 40r6. If 2(x,y) =(0,0) then2y =0. Sowe must excludey =0andy =4. The
elements of order 4 are thus (0, 2), (0, 6), (1, 2) and (1, 6).

EXERCISE 5:

There are 6 elements of order 7, namely €, ...

3T/8  5TU/8 7718
e ,e ,e .

, €™ and 4 elements of order 8, namely €™,

EXERCISE 6:
Since bc = c the element b isthe identity. So we can complete the corresponding row and
column:

a b C d
a a
b a b C d
c c a
d d

Now dc cannot be any of a, ¢ or d because that would result in arepetition in either the row or
the column corresponding to d. So dc must be b. In asimilar way we can complete the table:

a b C d
a b a d C
b a b C d
c d C a b
d C d b a
EXERCISE 7:
Filling out the entries for the identity we get:
1 a b c
1 1 a b C
a a
b b
c C
Now ab =1 or c.
Casel ab=1: We can now complete the group table:
1 a b C
1 1 a b c
a a C 1 b
b b 1 C a
C C b a 1
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Casell: ab=c: Thegroup tableisthus:

1
a
b
c
N

a b C
a b c
C

O T (|

owbc=1ora

CasellA bc=1: Thegroup tableisthus:

=0 T O -

O T o Bk

1
a
b
c
T

1 a b (o
1 a b C
a C
b C a 1
C 1

then ac = 1, acontradiction. Hence &
1 a b C
1 a b c
a 1 C b
b c a 1
C b 1 a

CaselIB bc =a Thegroup tableis:
1 a b c
1 a b C
a C
b C 1 a
C a
his can be completed in two possible ways:

1 a b C

1 a b c

a 1 C b

b C 1 a

C b a 1

O T o B

Of these four possibilities the ones that arisein Cases | and 1A are isomorphic to the second
possibility under Case [I1B. They thus represent a single group with differing notation. This
group has just one element of order 2. The remaining possibility (the first under CaselIB) is
essentially different in that it has 3 elements of order 2. There are thus two groups of order 4.

Note that both of them are abelian.

EXERCISE 8:

The fact that H and K are subgroups of G can be most easily seen by extracting their group

tables from the main table;

H
1

c
d

1 ¢ d
1 ¢ d
c d 1
d 1 c¢
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=1 and sothegroup tableis:

O (T (|-

RO |IT|IQ |2

o (=[O |(TC|T

T (k|0 |0




O, X
(@l SN N
L o|T

Since every entry in each table belongs to the subset in each case each subset is closed under
multiplication. Clearly each contains the identity and, since 1 appears in each row and
column, every element has an inverse within the respective subset.

The left cosets of H in G are:
H={1cd} and

aH =(al, ac, ad} ={a, b, €}.

Theright cosetsof Hin G are:
H={1,cd} ad

Ha={1a ca da} ={a e, b}.

NOTE that in this example the left and right cosets are the same, even though the group is
non-abelian.

Theleft cosetsof K in G are:
K={1,b} and

aK ={al, ab} ={a,c} and
dK ={d1, db} ={d, €}.

NOTE that we didn't waste our time with bK or cK because those elements were aready
included and we would have simply repeated the first two cosets.

For example bK = {bl, bb} ={b, 1} ={1, b}. So aways use as arepresentative for a
new coset, an element which has not yet been included.

Theright cosets of K in G are:

K ={1,b} and

Ka={1a ba} ={a, d} and

Kc={1c, bc} ={c, €

NOTE that in this case the left cosets and the right cosets give two different subdivisions of
the group. ThusK isnot one of these normal subgroups.

EXERCISE 9:
Theelementsare: 1, a, &, a3,
b, ab, &b, adb,
b2, ab?, a2b2, a3b2.
The left cosetsare H = {1, b, b2}
aH = {a, ab, ab%
aH ={a2, &b, a2b?}
and a’H = { a3, a3b, a3b%}
Of course since this group is abelian the left cosets are the same as the right cosets.
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EXERCISE 10:

Using b2 = 1 this becomes:

a’ba2baba3bala’a, and combining powers of awe get a’ba2baba3ball. Using a = 1 we get
a?badbaba3bh. Now we need to make use of the relation ab = ba™l. Moving a b past an a,
invertsit. Moving the second last b to the back we get a2ba3baa—3b2 = a?ba3ba3. Moving the
next b down gives a2ba3a3b = a2bb = &2.

EXERCISE 11:

The expression can be successively simplified as follows:
al3pda2b~7acba - adba?baZba

— adbatba?alb = abachab - adhafal=adha - ab.

EXERCISE 12:

By Lagrange's Theorem divides 68. Since H is not cyclic and groups of prime order are
cyclic, (HOis not prime. Similarly it isnot 1 (groups of order 1 contain just the identity and
are cyclic). So we are looking for a divisor of 68 which is neither 1 nor prime. Since the
prime factorisation of 68 is 22.17 , the only possibilities are 4 and 68. However sinceH isa
proper subgroup, this means it is not the whole of G and so 68 is ruled out. Thus, by a
process of elimination, CHC = 4.

EXERCISE 13:

By Lagrange's Theorem CHO divides 100. H being non-cyclic rules out 1 and the primes 2
and 5, leaving 4, 5, 10, 20, 25, 50 and 100. Now groups of even order must contain an
element of order 2. Since H does not, it must have odd order, leaving 25 as the only
possibility.

EXERCISE 14:

By Lagrange’s Theorem, CHO divides both 168 = 8x3x7 and 112 = 16x7 and therefore must
divide their greatest common divisor, which is56. Since H contains an element of order 7, [J
HO must be divisible by 7. This limits the possibilitiesto 7, 14, 28 and 56. Now sinceH is
neither cyclic nor dihedral, CHO cannot be prime or twice a prime [groups of order p are
cyclic; groups of order 2p are cyclic or dihedral]. This narrows down the possibilities to 28
and 56. Now if OHOwas 56 there would be exactly 2 left cosets in K which has order 112.
By clue (e) thisis not so, and hence 56 isruled out. Therefore CHJ must be 28.

EXERCISE 15:

(@) Thisiseasily verified. Notethat gx = xg impliesthat xg=1=g=1x . (b) Do, = <abla"=1,
b2=1, ab=ba1>. If & O Z(G) then &b = ba = ab, so &' = 1 which means that n(2r. If n
isodd thismeansnrandsoa = 1. If nisevena is1 or aV2. Similarly one can check that
no element of the form a'b commuteswith a. So Z(D5y,) = {1} if nisodd and {1, a8V2} if nis
even.

EXERCISE 16:

Closure: Leta, b0 G,soa%2-1andb#-1. Supposea* b=-1. Thena+b+ab=-1and
so(a+ 1)(b+ 1) =0whichimpliesthat a= -1 or b = -1, acontradiction.

Associativity: Unlike the examplesin exercise 1, thisis atotally new operation that we have
never encountered before. We must therefore carefully check the associative law.
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(@*b)*c=(a*b)+c+(@*h)c

z—ab+a+b+c+(@+a+hb)c

—a+b+c+ab+ac+bc+abc
Similarly a* (b * ¢) has the same value (we can actually see this by the symmetry of the
expression.
Identity: Anidentity, e, would haveto satisfy: e* x =x =x* eforadl x J G, that is, ex + e+
x=x,0re(x+1)=0foral x. Clearly e=0works. Theidentity isO.
Inverses: If x*y=0,thenxy +x+y=0. Soy(x +1) =-x and hencey = —x/(x + 1). This
existsfor all x # -1, i.e. for al x J G. But we must also check that it isitself an element of
G. Suppose —x/(x + 1) = -=1. Then —-x = -x =1, which gives 0 = =1. Thisis clearly a
contradiction and hencey must bein G.

EXERCISE 17:

(a) hasthe 1 plus 3 elements of order 2.

(b) has 1, one element of order 2 (viz. b) and 2 elements of order 4.

[The fact that they differ in their structure in this way means that they are non-isomorphic, or
essentialy different. These two tables reflect the only two possible group structures for a
group of order 4.]

EXERCISE 18:
The cyclic group of order 6 has the form:
{1,0.92.03,9%05 wheregb=1
Clearly g has order 6.
(992 = g4, (923 = g6 = 1 and so g2 has order 3.
(93)2 =1 and so g2 has order 2.
(94)2 = 98 = 92’ (94)3 = glz =1andso g4 has order 3;
The powers of g5 are 95’ glo = 94’ gl5 = g3 = 920 = 92’ 925 =g. Fi na”y (95)6 = g30 =1andso
g° has order 6.
The cyclic group of order 6 thus has:
1 element of order 1;
1 element of order 2;
2 elements of order 3;
2 elements of order 6.
NOTE: orders 4 and 5 are missed out. Can you guess why?

EXERCISE 19:
G: 1,3,5,7haveorder 8

2, 6 have order 4

4 has order 2

O hasorder 1
H: 3,7,13and 17 have order 4

9, 11 and 19 have order 2

1 hasorder 1

K: Thedihedra group
<abla? = b2 =1, ab = bal> has elements:
1, a &2, a3, b, ab, a2b, ab. Of these:
a, a3 have order 4
&, b, ab, ab, ba3 have order 2;
1 has order 1.
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NOTE: The order of the group is a power of 2 and the orders of the elements are likewise
powers of 2. Thisis quite significant.

Listing the numbers of the elements of orders 1, 2, 4 and 8 as vectors we have:

G: (1,1,24); H: (1,3,4,0); K: (1,5,2,0)

The differences show that these three groups are mutually non-isomorphic. There are in fact
5 distinct groups of order 8, the above three plus two others.

EXERCISE 20:

G iscyclic (and hence abelian) because it contains an element of order 8; H is abelian but not
cyclic; K is non-abelian (and hence not cyclic).

NOTE: There is aways only one cyclic group of any given order. In other words, al cyclic
groups of order n are isomorphic. A representative example of the cyclic group of order nis
Z ={0,1, ... n—-1} of integers modulo n under addition.

EXERCISE 21:

The powers of 9 are:

91=9,92=81

93 = 729 = 29 mod 100 and so on. Rather than accumulate the higher and higher powers we
can simply multiply by 9 at each stage to get the next:

94=9x29=261=61

Then comes 49, 41, 69, 21, 89 and finally 1.

S0<9>={1,9, 81, 29, 61, 49, 41, 69, 21, 89}. There are 10 elementsin this cyclic subgroup
and so 9 has order 10 under multiplication modulo 100.

EXERCISE 22:

2. Remember that the operation is addition, so we need to keep adding the generator to itself,
that is, taking higher and higher multiples, not powers. We want the smallest positive integer
n such that 2n = 0 mod 100, or in other words, such that 2n is a multiple of 100. The answer
isclearly 50.

9: We want 100 to divide 9n. Since 100 has no factors in common with 9, we would need n
itself to be amultiple of 100. The smallest positive such nisthus 100. So 9 has order 100 in
this group.

6: We need 6n to be amultiple of 100. Since 2 divides both 6 and 100 we need 50 to divide
3n. But since 50 has no factor in common with 3, we'd need 50 to divide n. So 6 has order
50.

15: 15n = 0 mod 100 means 3n = 0 mod 20. Since 3 is coprime with 20, we need n = 0 mod
20, so 15 has order 20.

EXERCISE 23:
Left cosets:

|1 bla ab|d &b |a ab|a ab|a ab|
Right cosets

|1 bla bald bd |d ba |a ba |a ba |
i.e

|1 blaab|d &b |d ab|a &b |a ab]
EXERCISE 24.

H and K contain 1 and are closed under multiplication and inverse as these tables show:
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H 1 a d f
111|a|d]|f
ala|d]| f |1
dld|f]|]1]|a
flf|1|la]l|d
K 1 d
111 a
d|ld]| 1

The left and right cosets of H are

1 adf|bceg]|

The left and right cosets of K are
|1 dlaf|lbcle g]
Both H and K are normal subgroups.

EXERCISE 25:
By (@ |H| =1, 2, 4, 13, 26 and by (b) |H| =

EXERCISE 26:
By (a) |H| divides 100. By (b) |H| divides 40. Hence |H| divides 100 — 80 = 20.
Hence|H|=1, 2,4, 100r 20. By (¢) |H| =

EXERCISE 27:
By (a) |H| divides 20. By (c), (d) |H| isdivisibleby 5. Hence |H| =5, 10 or 20. By (b) [H| #
5. By (d) [H| # 20. Hence [H| =

EXERCISE 28:

LeeG=D, =(ab|d=1b"=1ba=a'b). Sincea b'ab=4a" & JG and hence G
contains all even powers of a.

Casel: niseven. LetH=(&). Sinceb ‘@b=a™ D H, H isanormal subgroup of G. Since
|G/H| =4, G/H isabelianand so G' < H. ThusG' = H = (&).

Casell:nisodd,sayn=2m+ 1. LetH=(a). Sincetheorder of a isodd (&) = H (thisis
because a=d " =a’"). Hence H < G'. But |G/H| = 2 and so G/H is cyclic and hence
abelian. ThusG' < H. HenceG' =H ={(a).

EXERCISE 29:

1 a b c¢c d e
11 a b c¢c d e
ala 1 c¢c b e d
b|b e d a 1 c
clc d e 1 a b
d|d ¢c 1 e b a
ele b a d c 1
EXERCISE 30:
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If G=(a|a®=1) there are 4 elements of order 12 (a, &, &, a), 2 elements of order 6 (&,
a’), 2 elements of order 4 (&, &), 2 elements of order 3 (&, &), 1 element of order 2 (&) plus
theidentity of order 1.

EXERCISE 31:

The group has order 16 so the possible orders of the el ements are powers of 2.
2:2°=4,2'=16=-1,2°=1s02 hasorder 8.

6: 6° =2 s0 6 has order 8.

9:9°=13=-4,9=16=-1,9" =150 9 has order 4.

15: 16° = (-1)* = 1 s0 16 has order 2.

EXERCISE 32:

G isthe group of 8" roots of 1. The four elements +(1+i)N2, £(1 - i)N2 have order 8, +i have order
4, -1 has order 2 and 1 has order 1.

H=(A,B,C|A*=B*=C"=1, BA =AB, AC=CA, CB =BC). It has 7 elements of order 2 plusthe
identity.

K: has 6 elements of order 4 (i, %j, k), only 1 element of order 2 (1), plus the identity.

Since these three groups differ in the numbers of elements of each order no two of them can be
isomorphic.
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