APPENDIX A: GROUPS OF SMALL ORDER
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APPENDIX B: CHARACTER TABLE SUMMARY

conjugacy M r, .. s M1 e Mm
classes
size 1 h, .. hs her ... h,
X1 1 1 | .. [ 1 | 1 | .. [ 1
X2 1
........... roots of unity
Xr 1
Xr+1 Nriq
.......... a sum of roots of unity
Xm N
order 1 k, .. ks Keer e Kn
(1) m = # conjugacy classes (2) n,=degx;
[ = #irreducible characters]
(3 r=|G/G| (4) s=12(G)|
[ = # linear characters) [ = #classesof size 1]
(5 =n?=|G| (6) Zh =G|

[follows from column orthonormality]

[class equation]

(7) (Column orthonormality)
2 X)X [)=0if =k

>l =2

(8) (Row orthonormality)
2 X)X ()=0ifizk
i

Yl =le

@ x ™) =x())

corresponding to inverses are conjugate].

[columns

(10) The conjugate of an irreducible character isan
irreducible character.

(A1) If [ =T then each x,(T;) isredl.

(12) The linear characters form a group, under
multiplication, isomorphic to |G/H|.

(13) ker p; (where p; is arepresentation for which x; is
the character) is the union of all conjugacy classes I’
for which () = n.

(14) Every normal subgroup is one of these kernels or
the intersection of two or more of these kernels.

(15) Every irreducible character x of G/H induces an
irreducible character of G.

[Each conjugacy classT in G/H corresponds to one or
more classes of G. These classes map to x(I").]

(16) xi(;) isasum of n; k;"th roots of unity.
[In particular, if f k; = 2 then x;(I)) is:
+1 ifn=1;
Oor+2 ifn=2;
+lor+3 ifn=3]

(17) If is apermutation character T(I";) is the number
of symbols fixed by each element of I';. [Itisusually
reducible]

(18) If x = Zcx; isthe decomposition into irreducibles
then

1 2
<x|x>:@Zj|)((Fj| =5¢?

1 -
and (x %) = 1 2 XX () =
J

[Inparticular if (X | x) =1, x isirreducible and if (X |
X) = 2, X isthe sum of two distinct irreducible
characters.]
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APPENDIX C: A GROUP OF ORDER 12

G =(A,B,C|A3, B2, C6, C4 AB-1AB,AC = CA, BC =CB)

By the Todd-Coxeter algorithm we can show that G has order 12 and we can obtain its
group table as follows:

1 2 3 4 S 6 7 8 9 10 11 12

1 1 2 3 4 S 6 7 8 9 |10 11| 12
2 2 4 6 1 3 S 8 110 | 12| 7 9 | 11

3 3 5 1 6 2 4 9 |11 | 7 |12 | 8 | 10
4 4 1 5 2 6 3 110 7 |11 8 |12] 9
5 5 6 4 3 1 2 111 ]112|10| 9 7 8
6 6 3 2 5 4 1 ]12] 9 8 |11 ] 10| 7
7 7 8 9110|1112 | 1 2 3 4 S 6
8 8 |10 |12 ] 7 9 |11 ]| 2 4 6 1 3 5
9 9 |11 7 | 12| 8 | 10| 3 5 1 6 2 4
1010 7 (11| 8 [12 | 9 4 1 5 2 6 3
111111210 9 7 8 5 6 4 3 1 2
12112 9 8 |11 |10 | 7 6 3 2 S 4 1

I nver ses:
[ 1]24]3|5]6|7]/810[9] 11 ] 12|

Ordersof Elements:
et 1 2 3
order | 1 3 2

N
(&)
(o)
~
e}
©

10 | 11 | 12

w
N
N
N
»
N
»
N
N

Orde Profile
order | 1 2 3 6
number | 1 7 2 2
Conjugacy Classes.
C1 Co C3 Cs Cg Ce
1|24|1356| 7| 810 911 12
order | 1 3 2 2 6 2

ClassEquation: 12=1+1+2+2+3+3
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Subgroups:
The proper non-trivial subgroups are:

Gy Gy Gz Gs Gs Ge Gy Gg Gy Gy G
1 1 1 1 1(111] 1 1241137 | 157 167
3|56 |[|7]|9 12 9 11 12
G Gi3 G normal subgroups
12478 12345 124911 are shaded
10 6 12

The reasoning which ensures we have them al is as follows:

Order 1: {1}

Order 2: These must be cyclic, generated by an element of order 2, so the only
possibilitiesare: G; - Gy

Order 3: These must be cyclic, generated by an element of order 3, so the only possibility
is Gs.

Order 4: Asthere are no elements of order 4 there are no cyclic subgroups of order 4.
The subgroups of order 4 must therefor be isomorphic to V4 and so be generated by two
commuting elements of order 2. These subgroups are thus Gg, G0, G11.

Order 6: A cyclic subgroup of order 6 is generated by an element of order 6 and so the
only oneis G.

A non-cyclic subgroup of order 6 hasindex 2 and so must be normal. It must therefore
consist of entire conjugacy classes, two of which must be C; C,. The other class must be
Csor G, glvmg Gi3, Gua.

Order 12: Thisis G itsdlf.

Subgroups are normal if and only if they are unions of conjugacy classes so of the
subgroups G; - G4 the normal subgroups are G4, Gg, Gi2, G13, Gi4.

Centralisers:

et centraliser subgp #conjugates
1/G G 1
211247810 |Gy 2
3[/1379 Go 3
411247810 |Gy 2
5(15711 Gio 3
6(167 12 Gu1 3
71G G 1
81247810 |Gy 2
91379 Go 3
10(1247810 |Gy 2
11157 11 Gio 3
121167 12 Gi1 3
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L attice of Subgroups:

® denotes anon-normal subgroup
NG

O denotes anormal subgroup

Cosets:

subgp LEFT COSETS RIGHT COSETS

G, 13 |26 |45 |79 [812 J1011 [13 |25 [46 |79 [811 [1012
G, 15 |23 |46 [711]89 1012 |15 [26 |34 [711]812 [910
Gs 16 |23 |45 [712[811 [910 16 |23 |45 [712]89 [1011
Gy 17 |28 |39 [410][511 [612 17 |28 |39 [410]511 [612
Gs 19 [212 [37 [411]510 [68 19 [211]37 [412|58 [610
Gs 111/29 [38 [412]57 6 10 111/212]310[49 |57 |68
G, 112|211 [310[49 |58 67 112]/29 [38 J4a11|510 [67
Gg 124 356 7810 [911 12 124 |356 [7810 [91112
Go 1379 26812 [451011 1379 25811 [461012
Gy 15711 2389 461012 15711 [26812 [34910
Gu 16712 25811 [34910 16712 [2389 451011
G 1247810 356912 1247810 356912

[ 123456 789101112 123456 789101112
Gu 12491112 3567810 12491112 [3567810

Quotient Groups: (representing cosets by representatives)

G/G4:
1 2 3 4 5 6
11 1 2 3 4 5 6
2| 2 4 6 1 3 5
3| 3 5 1 6 2 4
41 4 1 5 2 6 3
5| 5 6 4 3 1 2
6| 6 3 2 5 4 1
G/GgZ
1 3 7 9
11 1 3 7 9
3| 3 1 9 7
7\ 7 9 1 3
91 9 7 3 1
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1 3

11 1 3

3| 3 1
G/G]_gZ

1 7

11 1 7

71 7 1
G/Gl4:

1 3

11 1 3

3| 3 1

WARNING: In all these cases the group table for the quotient could be found directly
from the group table for G. This will not always be the case. If the product of two
representatives does not happen to be a representative, one should replace the product by
the representative of the coset in which that product occurs.

Character Table

order
size

X1
X2
X3
X4
X5

X6
orders

Explanation

The conjugacy classesof H = G/G, are {1}, {2, 4}, {3, 5, 6}.

It has anormal subgroup K ={1,2,4}. H/K isacyclic group of order 2 with character

table:

Last Modified Feb 2005

order

size
X1
X2

orders

Rl N

1
1
1
1
1

202

Cit C C3 Cg Cg Cg
1 3 2 2 6 2
1 2 3 1 2 3
1 1 1 1 1 1
1 1 -1 1 1 -1
2 -1 0 2 -1 0
1 1 -1 | -1 ]| -1
1 -1 | -1 | -1 1
2 -1 0 -2 1 0
1 3 2 2




The character table for H is thus:

class 1 2 3 these are representatives from each class
Size 1 2 3

X1 1 1 1 trivial representation

X2 1 1 -1 inducing from H/K

X3 2 -1 0 by orthogonality

orders 1 3 2

Hence the character tablefor Gis:
Cit C» C3 Cg Cg Cg

order 1 3 2 2 6 2
size 1 2 3 1 2 3
X1 1 1 1 1 1
X2 1 -1 1 -1
X3 2 -1 0 2 -1 0
X4
X5
X6

The remaining degrees ny, N5, Ng Must satisfy g2 + ns2 + ng2 = 6 so we may take

ng= ng=1landng=2.

Since each classisits own inverse the entriesin the character table are all real.

Since the elements of C3 and Cg have order 2, the entries in those columns must be +1

for the degree 1 representations and +2 or O for the degree 2.
Also, the entries 42 and 52 arereal cube roots of unity and so must be both 1.

Thus we may complete these columns as follows:

Cit C C3 Cp Cg Cg
size 1 2 3 1 2 3
X1 1 1 1 1 1
X2 1 1 -1 |1 -1
X3 2 -1 |0 2 -1 |0
X4 1 1 1 a b -1
X5 1 1 -1 |cC d 1
X6 2 X e f
orders 1 3 2 6 2

NOTE: The possibilities 1, 1, -1 for the last three entries in the 3rd and 6th columns
violate the condition on the sum of sguares of the entries down these columns.
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By orthogonality with the first column we get x = —1. By orthogonality with the first and
thirdrowsweget 1+2+3+a+2b-3=0whencea+2b=-3,and2-2+2a-2b=0
whencea=b. Hencea=b=-1.

By orthogonality with the first and third rowvsweget 1 +2 -3+ c+2d + 3=0whencec
+2d=-3,and 2 -2 +2c-2d =0whencec=d. Hencec=d=-1.

Finally by orthogonality with thefirst column,e=-2and f = 1.

Last Modified Feb 2005 204



APPENDIX D: PRESENTATIONS OF GROUPS OF ORDER 16
Each of the following is a presentation of one of the 9 non-abelian groups of order 16.

(A,BCA*, B*, (AB)?, (A-1B)?

(A,BUAS, B? AB = BA®)

(A,B,CUA* B? C?>, AB=BA™*, AC=CA, BC=CB)
(A,B,COA? B* C?=B? BCB=C, AB=BA, AC=CA)
(A,BCA*, B% (A™'B), (A’B)?)

(A,BUA? B®, AB®=BA)

(A,B,CUA? B? C? A™'BCA = BC, CAB = BCA)
(A,B,COA?=C? B? C* CAC=A, AB=BA, BC=CB)
(A,BOA% B*, AB=BA™)

(A,BOAS A*=B% AB=BA™)

(A,BUA® B? AB=BA™)

(A,BUA® B? AB =BA™)

(A,B,CCAY B>=A? C?> AB=BA™, AC=CA, BC=CB)
(A,BCA* B* BAB = A)

(A,BOA? B* BA = AB®

(A,BOA? B®, A™'BAB™=B%

(A,BCA® B?, (AB)® =B

(A,B,CAZ? B? C? (ABC)? = (AB)?>, ABC = BCA)
(A,BOA?=B* B®, AB™ =BA)

(A,B,CA? B? C? ABC = BCA = CAB)

(A,BUAS, B? BAB=A)

(A,B,CUA? B* C? BCB=C, AB=BA, AC=CA)
(A,BOAY, BY, (AB)*, (AB™)?)

(A,BUA? B, AB®A = B)

(ABOA?, BY (AB)?, ABA’B™*A)

(A,BOA® A% =B? BAB = A%

(A,BCA®, B? (A™'B)?

(A,BOA? BE BA™'BA =B?)

(A,B,CUA% B*=A? C? BAB=A3 AC=CA, BC=CB)
(A,BUA®, B? AB = BA®)

(A,BCA* B*, (AB)*=B?%

(A,B,CA? B? C* CAC=A, AB=BA, BC=CB)
(A,BCA® B (AB)?)

(A,B,CA? B? C? ACB = CBA = BAC)

(A,B,CCA? B? C% BAB =A% AC=CA, BC=CB)
(A,BOA® A% =B? A= (AB)?
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