21. TOPOLOGICAL SPACES

21.1 Some Surfaces, Familiar and Unfamiliar

Topology is the study of continuity. We want to cdl two geometric figures (such as curves
or surfaces) “topologicdly equivalent” (the technicd term is “homeomrphic”) when one can be
obtained from the other by a @ntinuous transformation with a @wntinuous inverse. Informally,
these transformations are obtained by stretching the figures as though they were made of rubber;
hencethe term “rubber sheda geometry” for “topology”. When the rubber istorn or glued the
continuity is destroyed and topologicdly inequivalent figures are aeded.

We will have alot of fun cutting and guing (as well as gretching) polygonal regionsin the
plane. For now let us consider a square.

Consider gluing together some of the boundary points. To indicae that we will glue arresponding
points on the two opposite sides, we place arows thus:

The dfed of thisisto dbtain acylinder where the dotted line is where the gluing occurred.

N
/

We can also contemplate gluing both pairs of opposite sides in the same way.

We can do thisin two steps, first forming the gylinder as before, then wrap the open ends of the
cylinder around to obtain atorus (or “doughnut”).

The dotted circle denotes the new glue.
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The g/linder and torus are fairly familiar to us from elsewhere in mathematics. We ae now
going to abtain some stranger figures from our square, although the first one you may have met in
preschoal or kindergarten. We again glue one pair of opposite sides, but this time apoint on the left
edge is glued to the point on the right edge whose distance from the top end is the same a the
distance from the bottom end of the other point.

We think of this physicdly as gretching the whole figure in the horizontal diredion to make
aribbon, giving it averticd twist, and now bending and guing the left and right edges. The result
is cdled a M6bius Band.

] . ———

There ae many interesting properties of the Mébius Band. In particular, it isone-sided. In
integration over surfaces we med the amncept of orientabili ty: the M6bius Band is not orientable.
This leads us to contemplate the following.

Theresult hereis cdled aKlein Bottle but you will not have seen one lying around because it
cannot exist in ordinary 3-dimensional Euclidean spaceR®. We can try to contruct it by first
forming the o/linder by gluing the horizontal sides but then we need to bring the right-hand end up
to the left-hand end from the inside: this cannot be done in R® without teaing through the side of
the g/linder, destroying the @ntinuity.

However the Klein Bottle does exist in R*. In order to understand this we will need to make
the notion of gluing and tearing more rigorous. Before we do that we look at the other case that we
have so far omitted.
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Rounding the corners of the square we see that thisis topologically equivalent to a disc with
antipodal points glued.

Now push the disc out of the plane to make the surface of a hemisphere with antipodal points on the
boundary circle glued:

But we can aso think of the points on the surface of the hemisphere that are not on the boundary as
being glued with the point antipodally on the other (unseen) hemisphere. So we can think of our
figure as the surface of a sphere with opposite (antipodal) points glued.

In fact we can think of this space (or figure) as being the collection of all lines through the origin in
R®. If you really want to see these lines as “points’ you need to glue them all together along each
line. Again this cannot be done continuously in R®. The object we have formed is called the
projective plane and it does not exist in R®. However it does exist in R*.

We can, however, contemplate it quite happily with a 3-dimensional model where the
“points’ ae actualy lines through the origin.

This shows how easily we are led into models for geometric objects where the “points’ ae
not necessarily best viewed as points in Euclidean space. Y ou have seen this before in algebra and
calculus. Vector spaces are designed to have the properties of R" where the elements are really
points. Then we see that there are vector spaces whose elements are functions, or sequences and so
on. We can include them because we define a vector space as an abstract set with extra structure:
addition and scalar multiplication with certain axioms,

21.2 Frechet Spaces

Here we are interested in topological spaces. These are very genera mathematical
structures that allow usto speak of continuous functions between them.

Actually, vector spaces were designed so that we could speak of linear functions between
them: linear functions preserve linear combinations so we needed to be able to speak of linear
combinations in the vector spaces. Addition and scalar multiplicatyion allow us to do that.

Y ou may have met the fact that afunction f: R - R iscontinuous if and only if for every
x O R and every sequence (s,) with limit x, the sequence (f(s,)) has limit f(x). Thisis expressed
more crudely as

a1 () = (M ) -
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This suggested to Fredhet that we should define spaces where the wncept of a sequence
exists. Thenwe ould define cntinuity as above.

We will adopt this approadc even though it is no longer the acceted definition of
topologicd space Sincewe ae not going to nead uncountable catesian products of spaces or
functions, thiswill suffice.

A sequenceinaset X isafunction s: N — X whose domain isthe set N of natural numbers
0,1, 2, ... Wewrite s, for s(n), and sometimeswe write (s,) or S, S, S, ... for s. We cdl s,
the n-th term of s.

The sequence s in X issaid to have a cetain property eventually when there existsa
natural number k such that the sequence (s«+n), that isthe sequence s, Sc+1, S+2, ..., hasthe
property.

For example we say that s iseventualy inasubset K of X when all but afinite number
of termsof s arein K.

A sequence h: N - N iscdled strictly increasngwhen hy<h; <h, < ...

A sequence t: N - X iscdled asubsequence of asequences. N - X whenthereisa
strictly increasing sequence h: N - N suchthat t=so h.

If f:X - A isany function, eatr sequence s N — X in X yieldsasequence fos. in A.
We sometimes denote f o sby f(s) or f(s), f(s), f(s2), ...
Eacdh subset K of X givesasubset fK = {f(x) | x O K} of A.

Without extra information on our set X we cainot sensibly discusslimits for sequences.
What we do isto suppose that we ae told which points of X are limits of which sequences. (Note
that we cdl elementsof X “points’ dthough they may be nothing like points that you ar e familiar
with.)

We dso do not wish to assume that sequences have unique limits when they have one & all.
A sequence ould have no limits, one limit, two limits or even infinitely many limits.

For eah x[I X, thereisthe constant sequencex, X, X, ... where dl termsare x.

Now we ae realy for our general definition of a Frechet space

Definition: A (Frechet) spaceisaset X together with arule that assgns a set of elements L(s) [
X toead sequence s in X. The dementsof L(s) are cled limitsof s. The following axioms
are required to hold:

(1) if s isthe mnstant sequence & x then x[L(9).;

(2) if sequences sand t are eventually equal then L(s) = L(t);

(3) if t isasubsequenceof s thenL(t) O L(9);

(4) if x O L(s) thenthereisasubsequence t of s such that no subsequence of t haslimit x.

For those who are happy with set theory we can think of the assgnment of a set of limitsto
ead sequence & a function:
L:x" - OX
where XN is the set of sequencesin X and O X is the set of subsets of X (cdled the power set of X).
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Definition: A space X is caled Hausdorff when each sequence has at most one limit (in other
words a sequence cannot have two distinct limits).

Definition: A space X iscaled compact when each sequence s has a subsequence t that has at
least one element.

21.3 Examples of Frechet Spaces
(1) Discrete Spaces
For any set X, put
L(s) ={x O X | siseventually constant at x} .
In other words, the only sequences that have limits are the eventually constant sequences and the
limit of such a sequence is the constant.
Thisiscalled adiscrete space. Clearly it is Hausdorff. It isacompact if and only if X is
finite.

(2) Chaotic (or indiscdrete) spaces
For any set X put L(s) = X for all sequences s. So every sequence has every point as alimit:
chaotic!. If X has more than one point it is not Hausdorff. However it is compact.

(3) Metric spaces

A premetric spaceisaset X withafunction d: X x X - R (called the metric) satisfying:
() d(x,y)=0foralx,yd X and d(x,x) =0 for al xX;

(b) d(x, y) +d(y, 2 = d(x, z) for al x,y, z[OX;

(c) d(x, y) = d(y, x).

X iscaled ametric space when, in addition:
(d) d(x,y) =0 impliesthat x =Y.

For each x [0 X and postive number r, the open ball with centre x and radius r is
defined by B/(x) ={y O X | d(X, y) <r}.

Then a sequence space is defined on the premetric space X by
L(s) ={x O X | siseventualy in every open ball with centre x}.

Thisis Hausdorff if and only if X isametric space. Notice that every subset of a
(pre)metric space becomes a (pre)metric space by smply restricting the metric.

(4) Euclidean space

Euclidean space of dimension n is:
R"={x=(Xg, ..., Xn) | X OR}.

It becomes a metric space with

dx, y) =\ 0 =y’ + o (= yo)”
So we obtain a sequence space as in example (3). It is Hausdorff but not compact.

(5) Projective space

Projective space of dimension n isPy(R) = {L | L isaline through the originin R™}.

A lineL isalimit of asequence &, S1, S, ...0f lineswhen there exist non -zero elements s, S, S,
..andxonthelinesSy, S, S,, ...and L respectively suchthat x isalimit of the sequence

S, 1 S, ...in R™L We have met the projective plane P»(R) before.
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(6) The Alexandrov Compadaificaion of N
Thisis an example of a Fredhet spacethat can be thought of as a‘“free-living convergent

N
sequence”. The set of pointsis N ={0, 1, 2, 3, ..., oo} =N [ {c0}.
N
A sequence s in N isdefined to have limit co when, for ead k [ N, sis eventually bigger

N
than k. A sequence s in N haslimit r (< ) whenit iseventualy constant at r. Thisdefinesa
compad Hausdoeff Frédhet space

21.4 Open and Closed Subsets of a Frechet Space

We now look at some aoncepts asociated with a spaceX.

A subset F of X isclosed when, for al sequences sin F, everylimit of s isinF. A
subset U of X isopen whenitscomplement X — U ={x [0 X | x 0 U} isclosed. Beware that
subsets can be both open and closed and they can be neither open ror closed.

A neighbourhood (nhd) of apoint x [1 X isasubset N of X suchthat every sequence s
with limit x iseventualy in N. Inparticular, x is N sincethe constant sequence X, X, , X, ...has
limit x. Clealy, if N isanhdof xand N A then A isanhdof x.

Proposition: A subset isopen if and only if it is a neighbourhood of ead of its points.
Proof: Asauume U isopen. Take x U andlet s be asequencewith limit x. Suppose s isnot
eventualy in U. Thenthereisasubsequence t of swith t inX —U. By anaxiom, x isalimit of
t. But U - X isclosed so x [J U, a ontrradiction. So U isanhd of x.

Asaume U isnot open. Thenthere existsasequence s in X —U with limit x 0 U.
Certainly s isnot everin U. So U isnot anhd of x.

Proposition: (a) 0 and X are dosed.

(b) If F, and F, are dosedthensois F; O F..

(c) If Fiisclosedforall i 01 (any set) thentheintersedion; f, F={x0OX |xOF forali O}

is closed.

Proof: (a) Thisis obvious.

(b) Suppose s isasequencein F O F, withlimit x OO X. Either F; or F, must contain infinitely
many terms of s; say F;. Then we have asubsequence t of s inF;. Since F; isclosedand x is
alimitof t,wehave xOF OFOF. SoF OF isclosed.

(c) Let s be asequencein iBI F with limit x. Then s isin Fandso x O F since F isclosed
foral i. So xO, g, F.
Corallary: (@) O and X are open.

(b) If U; and U, are open, thensois U; n Uo.
(c) If Ujisopenforalli Il thenthe union; El U ={xOX|x isinsome U} isopen.

Theclosure A of asubset A isdefined by:
A = {x O X | there eists asequencein A with limit x}.

In order for A to always be dosed, we require an extra property of our sequence space

(B)if t: NxN - X isadouble sequencein X, if the sequence tmo, tm1, tmz, ...haslimit s, for
eadhh m[ N, and if the sequence s, S1, S, ... haslimit x then there exist strictly increasing
functions h and k: N - N such that the %quenceth(o),k(o), th(l),k(l)! th(Z),k(Z)! ...haslimit x.
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Proposition: Premetric spaces satisfy (5).

. 1
Proof: For each m, there exists N, such that d(tmn, Sn) < m for al n= N,,. We can choosethe

. . . . 1
N to be strictly increasing in m. For each r, thereisan M, such that d(sqy, X) <? for m= M,.

1.2

1
Ther] d(tMr,NMr, X) S d(tMr,NMr, S\Ar) + d(SMr, X) <m + r SF .
r

Let h(r) = My and k(r) = NM,. It follows that (tnn) k) has limit x.
Proposition: If (5) holds then closures are closed.

Proof: Suppose s isasequencein A with limit x. Then thereisa sequencet, in A with limit
Sn- By (5) we havea%quence th(O),k)O)! th(l),k(l)! th(Z),k(Z)! ...in A with limit x. So X D/& . Hence
A isclosed.

Inthiscase, A isthe smallest closed subset of X containing A. Thatis, if A OF with F
closedthen A OF.

Letf: X - Y beafunction between spaces X and Y.

Definition: fiscontinuousat x [ X when, for al sequences s in X with limit x, the sequence
f(s) inY haslimit f(x). Wecall f continuouswhen it is continuous at each x [ X.

Proposition: If f: X - Y iscontinuousat xOX and g:Y — Ziscontinuousat f(x) Y then
gof iscontinuousat X.

Proof: If s isasequencein X withlimit x then by continuity of f at X, we know that f(x) isa
limit for f(s). By continuity of g at f(x), it followsthat g(f(x)) = (g o f )(X) isalimit for g(f(s)) =

(gof)(s). So gof iscontinuousat x.
Corollary: Composites of continuous functions are continuous.

For any function f: X - Y, wewrite
fA={f(x) | xOA} OY for AOX, ad
fFIB={xOX|fx) OB} OX for BOY.

Theorem: For afunction f: X - Y between spaces, the following conditions are equivalent:
(@) f iscontinuous;

(b) for al x O X andal nhds N of f(x),thereexisssanhd M of x withfM OO N;

(c)if V isopenin Y then fV isopenin X;

(d)if G isclosedin Y thenf™G isclosedin X;

(e) foral A OX,fA OfA.

Proof: (@) O (b): Take N asin(b) and put M =f™N so that we havefM O N. It remainsto
show that M isanhdof x. Let s beasequencewithlimit x. Using (a) we know that f(s) has
limit f(x). So f(s) iseventualy in N, Hencef(s,) LI N for n bigenough. Thus 5,0 M for n
big enough. So s iseventualy in M.

(b) O (c): Take V openin Y. According to a previous proposition we need to see that {2V isa
nhd of each x Of V. But V isanhd of f(x) since f(x) OV and V isopen. By (b), thereisa
nhd M of x with fM OV. So xOM Of'V. Sof'Visanhd of x.
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(c) O (d): Suppose G isa dosed subset of Y. ThenY — G isopen. By (c) fH(Y -G)=X —
f1G isopen. Hencef™G isclosed.

(d) O (e): Take ay A O X. ThenfA isclosedin Y. By (), f*fA isclosed. But fA OfA , so

A OfY%A . But A isthe smallest closed subset containing A. HenceA 0 f A andsofA O fA .
(e) O (a): Suppose s isasequencein X withlimit x. We want to provethat f(s) haslimit f(x).
Suppose not. Then, by an axiom, there exists asubsequence t of s siuch that no subsequence of

f(t) haslimit f(x). Let A ={to, t1, to, ...}. Since x isalimit of s, itisalso alimit of t, sox OA .

By (e), f(x) O fA. So there eistsasequencein fA = {f(to), f(ty), f(to), ...} with limit f(x). Any
sequencein fA must have asubsequence of the form f(r) where r isasubsequenceof t. Sowe
have asubsequence r of t for which f(r) haslimit f(x). Thiscontradictsthe property of t.

Corollary: For any space X (satisfying (i) — (iv)) asequence s in X haslimit x in X if and
only if s iseventualy in every open subset containing X.

Proof: We drealy know “only if” from the definition of an open subset. Conversely suppose that
s iseventualy in every open U containing X.

N
We define afunction f: N - X by
f(n)=s, fornONand
f(o0) = x.

N
It iseasy to seethat asubset S of N isopenif and only if either S does not contain o, or

/N\ - Sisfinite. Forany U O X, weseethat, if x OU thenf*U={nON |s, 0 U} whichis
aways open. However if xOU, f'U={nON|s,0U} O {e} whichisopenas s iseventualy
in U. Wewant to apply condition (c) of the theorem which becomes the requirement that eath
open U containing x should havef™ U open. But thisis exadly our assumptionthat s sould
eventually beinevery such U. So f iscontinuous. Therefore f preserves limits of sequences.

N
We have the sequence0, 1, 2, 3, ... inN with limit co. Applying f we seethat 5, 51, S, Ss, ... has
limit x in X.

21.5 Subspaces

Let A be asubset of aspace X. We can make A into a spaceby defining a sequence s in
A tohavelimital A when s haslimit a inX. Inthiscase A iscdled asubspaceof X.
Clealy theinclusion functioni : A - X, defined by i(a) = a for al allA, iscontinuous. Infad
we have provided sequencesin A with the fewest possble limits $ asto ensurethat i is
continuous.

Exercises

(1) Show that asubset M of A isanhdof allA if andonly if there existssanhd N of a in X
suchthat M =N n A.

(2) Show that asubset U of A isopenin A if and only if there exists an open subset V of X
suchthat U=V n A.

(3) Explain why the interval [0, ¥2) is an open subset of the subspace [0, 1] of R.

(4) Show that N isdiscrete a asubspaceof R.

(5) Let A be asubset of ametric space X. Regard A asametric spaceby restricting the metric
of X to A. Show that the space A defined by this metric isthe same & A asasubspaceof X.
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Examples: | =[0, 1] ={x O R | 0< x < 1} isasubspaceof R.
12={(x,y) OR?*| 0sx,y< 1} and

St={(x,y) OR?|x*+y*=1} aresubspacesof R

S ={(x,y,2) OR®|x®+y* + 7 = 1} isasubspaceof R®

21.6 Moreon Continuity

Proposition: The functions “add” and “multiply” R" - R, the diagonal functionA : R - R"taking
X to (X, X, ..., x) and, for eath aJ R thefunction (g, -) : R — R? taking x to (g, x), are dl
continuous.

Iff1, ... f,: R = Rarecontinuoussois f; x ... xf,: R" - R" taking (xy, ... , X) tO

(fl(xl)’ afn(xn))-

Proof: Thefirst two functions are cntinuous snce asum and product of convergent sequencesin
R converge to the sum and product of the limits. The other functions are cntinuous snce a
sequencein R" converges if and only if the component sequencesdo in R.

Corollary: Polynomias are continuous functionsfrom R to R. Thatis, foral ay, &, ... ,&0 R
the function a: R — R defined by a(x) = & + ax + ... + gx" iscontinuous.

Definition: A function f: X - Y between spacesis cdled a homeomorphism when it is
continuous with a continuous inverse. Write X [JY when there is sich a homeomorphism.
Note: A continuous function may have an inverse which is not continuous.

Examples

(1) Let R betheusua spaceof red numbersand let Ry be the red numbers as a discrete space
The identity function Ry - R taking x to x iscontinuous snce eventually constant sequences
cetainly convergein R. It isnot a homeomorphism sincethere ae convergent sequencesin R

that converge and yet are not eventually constant.

(2) Let f:[0,1) - S' bethefunction f(t) = (cos 2mt, sin 21tt).

Then f iscontinuous and has an inverse. However f isnot ahomeomorphismsince [0, ¥2) is

openin [0, 1) yet (FH7Y[0, ¥2) = [0, %) isnot openin S".

—Ppo—>» —> f(*2) f(0)
0 v 1

(3) Any two open intervalsin R are homeomorphic. For open intervals of finite length we have
the homeomorphism f: (0, 1) — (a b) defined by f(t) = a1 — t) + bt. and where f*(s) = b Z
For the open interval R = (—oo, oo) we have the homeomorphism g: R - (-1, 1) defined by
o =7 _[ Il where g™(s) = | S

We can show spaces are homeomorphic by exhibiting a homeomorphism, but how do we
show spaces are not homeomorphic? Why is there no homeomorphism between the ¢/linder and
the M6bius Band? We will develop tedhniques for this by examining properties of spacesthat are
invariant under homemorphism. We dready know of two such properties. Hausdorffnessand
compadness

Example: We will prove later that | =[0, 1] iscompad. Clealy R isnot compad sincethe
sequenceO, 1, 2, 3, ... has no convergent subsequence. So R is not homeomorphicto I.

Last updated 13" April 2.9



